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Abstract. We study the motivic Serre invariant of a smootiily bounded alge- 
braic or rigid variety X over a complete discretely valued field K with perfect 
residue field k. If K has characteristic zero, we extend the definition to arbi- 
trary /C-varieties using Bittner's presentation of the Grothendieck ring and a 
process of Neron smoothening of pairs of varieties. 

The motivic Serre invariant can be considered as a measure for the set 
of unramified points on X. Under certain tameness conditions, it admits a 
cohomological interpretation by means of a trace formula. In the curve case, 
we use T. Saito's geometric criterion for cohomological tameness to obtain 
more detailed results. We discuss some applications to Weil-Chatelet groups. 
Chow motives, and the structure of the Grothendieck ring of varieties. 
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1. Introduction 

Let i? be a complete discrete valuation ring, with quotient field K and perfect 
residue field k. If X is a smoothly bounded rigid if-variety (e.g. smooth, quasi- 
compact and separated), then one can associate to X its so-called motivic Serre 
invariant S{X). If X/R is a formal weak Neron model for X, then S{X) is the class 
of the special fiber in the quotient of the Grothendieck ring of /c-varieties modulo 
the ideal generated by the class of the torus Gm.k- Of course, one has to show that 
this value only depends on X and not on the choice of a weak Neron model. If X 
is smooth and quasi-compact, this was proven in |32| using the theory of motivic 
integration on formal i?-schemes [43], and the general case can be deduced from 
this result. 

By definition, the generic fiber X,, of X is an open rigid subvariety of X which 
contains all the unramified points on X. Since X is smooth over R, its special fiber is 
a good measure for the set of unramified points on X^. Therefore, one can consider 
the motivic Serre invariant S{X) as a measure for the set of unramified points on 
X. It is natural to ask if this invariant admits a cohomological interpretation in 
terms of the Galois action on the etale cohomology of X. This is indeed the case: 
under certain finiteness and tameness conditions on X, a trace formula expresses 
the Euler characteristic of S{X) in terms of the trace of a monodromy operator on 
the tame £-adic cohomology of X [35l 6.4]. 

The main themes of the present article are the following: 

(1) study of the error term in the trace formula in the non-tame case, 

(2) generalization of the definition of the motivic Serre invariant to arbitrary 
algebraic i^-varieties, if K has characteristic zero, 

(3) realization morphisms and structure of the Grothendieck ring of varieties. 

These themes are tightly interwoven. 
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In Section [2] we recall the definition of the Grothcndicck ring Ko{Vark) of va- 
rieties over an arbitrary field k, and its localization A4k w.r.t. the class L of the 
affine line. This ring is still poorly understood, and one of the main problems is to 
decide when two fc- varieties X and Y define the same class in Ko{Vark) or Aik- To 
this end, it is important to have some "computable" realization morphisms from 
Ko{Vark) to more concrete rings. If k has characteristic zero, the main tools are 
the theorems of Bittner (Theorem l2.3|) and Larsen and Lunts (Theorem l2.4|) . Both 
use resolution of singularities and weak factorization, which explains the restriction 
on the characteristic. These theorems imply the existence of some fundamental re- 
alization morphisms: stably birational classes (Theorem l2.4p . Albanese (Corollary 
12. 5p . Chow motives (Theorem 12. 8|) . Larsen and Lunts' Theorem gives a beautiful 
description of the Grothcndicck ring modulo the ideal generated by the class of the 
affine line, but it tells nothing about the localized Grothendieck ring A4k (the same 
holds for the Albanese realization). 

In positive characteristic, we are considerably less equiped. In Proposition 12.91 
we formulate the classical technique of "spreading out" on the level of Grothendieck 
rings. This tool allows to reduce questions about Ko{Vark) and A4k to a finitely 
generated base ring. As an application, we define the Poincare polynomial for 
arbitrary separated morphisms of finite type of schemes (Section 12.51 and Section 
[5]). Roughly speaking, it is the only constructible invariant which is compatible with 
base change and gives the correct result over a finite field (viz. the polynomial whose 
coefficients are given by the virtual Betti numbers, which are defined in terms of 
the weight filtration on £-adic cohomology). We refer to Theorem 18 . 1 21 for the exact 
statement. The Poincare polynomial defines ring morphisms Ko{Vark) 1j\r\ and 
A^fe — > Z[T, T~^] for an arbitrary field fc, which provide a new way to distinguish 
elements in these Grothendieck rings (Proposition I2.11[) . 

Next, we turn our attention to the motivic Serre invariant. Let i? be a complete 
discrete valuation ring, with quotient field K and perfect residue field k. If AT is a 
smooth and proper A'-variety, then the associated rigid AT-variety A"" is separated, 
smooth and quasi-compact, so 5(A) := 5(A''") £ Aro(Farfc)/(L— 1) is well-defined. 
Our main result in this setting fTheorem l5.4[) states that if AT has characteristic zero, 
this invariant can be uniquely extended to an additive and multiplicative invariant 
on the category of A'-varieties, i.e. a ring morphism S : M.k — *■ Aro(V^ar/j)/(L — 1). 
This ring morphism is interesting for two reasons: it defines the motivic Serre 
invariant for arbitrary A'-varieties, and it provides a new realization of M.k which 
is computable in significant cases (see e.g. Theorem 17. 5p . We use it in Proposition 
17.91 to show that the realization morphisms to (effective and non-effective) Chow 
motives are not injective. 

The existence of the morphism S can be deduced from Bittner's theorem once we 
understand how the motivic Serre invariant behaves w.r.t. the blow-up relations. 
To this end, we extend Neron's smoothening process to pairs of smooth AT-varieties 
in Section [3] (Theorem 13 . 9p . This result implies the existence of weak Neron models 
for bounded and smooth pairs (Definition I3.14p . Theorem 13.91 is proved by using 
the detailed information on the centers of the blow-ups in the classical smoothening 
process [T3] 3.5.2] and Greenberg's Theorem |22]. 

In Section 3] we study and compare different notions of boundedness for rigid 
and algebraic varieties. In particular, we show that, if K has characteristic zero, 
a smooth A"- variety A is bounded iff it has a compactification without unramified 
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points at infinity; then this holds for every smooth compactification (Proposition 
I4.6p . This result is used to prove that the motivic Serre invariant of a i^"- variety 
without unraniified points is zero (Proposition I5.8| ) . 

Section [6] deals with the trace formula in the tame case. We assume that the 
residue field fc of i? is algebraically closed, and for each d > prime to the char- 
acteristic exponent p of fc, we denote by K(d) the unique degree d extension of 
K inside a fixed algebraic closure. If X is a tame smooth and proper X-variety 
(in the sense of Definition 16. ip and d > is an integer prime to p, then the trace 
formula (Proposition 16. 3p states that the Euler characteristic of the motivic Serre 
invariant of the iir((i)- variety X Xk K{d) equals the trace of a generator of the 
tame monodromy group G{K* / K{d)) on the tame i'-adic cohomology of X. If K 
has characteristic zero, then by formal arguments, this result extends to any K- 
variety whose isomorphism class belongs to the subring of KQ{Varj{) generated by 
the classes of tame smooth and proper varieties (Theorem 16. 4p . In particular, if 
fc has characteristic zero, the trace formula holds for any if-variety. This yields 
a sufficient and necessary cohomological condition for the existence of a rational 
point (Corollarv l6.6p . 

Without tameness conditions, the trace formula no longer holds. We take a closer 
look at the case of curves in Section [T] A computation on the nearby cycles yields 
an expression for the error term in the trace formula in terms of the geometry of 
a regular model with normal crossings (Theorem 17. 3p . Intriguingiy, this expression 
appears to be related to Saito's geometric criterion for cohomological tameness |41) . 
and this relation shows that the trace formula holds for cohomologically tame curves 
of genus ^ 1 (Theorem l7.4p and cohomologically tame elliptic curves (Theorem l7.5p . 
In the case of elliptic curves we can make explicit computations of the motivic Serre 
invariant and the error term using the Kodaira-Neron reduction table. 

The case of genus 1 curves without rational point brings some surprises. Even 
if the wild ramification acts trivially, the trace formula can fail (Proposition 17. 7]l . 
and more fundamentally, the motivic Serre invariant does not admit any general 
cohomological (nor even motivic) interpretation (at least if we work with rational 
coefficients). The cause is the fact that there are cohomologically tame elliptic 
curves E over K with non-trivial Weil-Chatelet group whose motivic Serre invariant 
has non-zero Eulcr characteristic. If X is a non-trivial £^-torsor then the Chow 
motives of E and X are isomorphic (and hence their £-adic cohomology spaces 
are isomorphic as Galois modules) , but their motivic Serre invariants have distinct 
Euler characteristics {S{X) = since X has no iiT-rational point). Therefore, the 
trace formula can not hold for both X and E (over finite fields this situation cannot 
occur since the Weil-Chatelet group of an elliptic curve over a finite field is zero). 
Reversing the arguments, we can use the validity of the trace formula in certain 
cases to recover triviality results about the Weil-Chatelet group (Proposition [7?H]). 
Finally, we use the local version of Saito's criterion to prove a trace formula for the 
analytic Milnor fiber (Theorem 17. lip . 

Notation. We denote by {Sch) the category of schemes. For any scheme S, we 
denote by {Sch/S) the category of schemes over S. If S* = Spec A is affine, we write 
also {Sch/ A) instead of {Sch/S). If a: is a point on S, we will denote by k{x) its 
residue field. We write 5*° for the set of closed points on S. 
We denote by 

{.)red ■ {Sch/S) -> {Sch/S) : X ^ X^ed 
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the functor mapping a S'-scheme X to its maximal reduced closed subsclieme Xred- 

For any scheme S, a 5- variety is a reduced separated S'-scheme of finite type. For 
any separated S'-scheme of finite type X, we denote by Sm{X) the open subscheme 
of X consisting of the points where X is smooth over S. If we want to make the 
base scheme 5* explicit, we'll write Sm(X/S) instead of Sm{X). 

For any field F, we denote by F"^ an algebraic closure, and by F'' the separable 
closure of F in F'^. Starting from Section [3l R denotes a discrete valuation ring, 
with quotient field K and residue field k. The maximal ideal of R will be denoted 
by dJl. We fix a separable closure K'^ of K, and we denote by i?'''' the strict 
henselization of R in K'^, and by K'^^ C K'^ its quotient field. We denote by /c* the 
residue field of R^'\ The field fc* is a separable closure of k. Moreover, we denote 
by if* the tame closure of K inside K^. We fix a prime £ invcrtiblc in k. Additional 
assumptions will be indicated at the beginning of each section. 

If R is complete, and we fix a value < 9 < 1, then there exists a unique absolute 
value I ■ I on such that \a\ = for each a in K* , where v denotes the discrete 
valuation on K* . This absolute value makes K into a non-archimedean field. 

We'll consider the generic fiber functor 

(.) K ■■ (Sch/R) ^ {Sch/K) : X ^ Xk = X XrK 

as well as the special fiber functor 

{.)s ■■ (Sch/R) (Sch/k) : X ^ Xk = X XRk 

For any scheme or rigid variety X and any prime £, we put 

H{X,Qe) = (B,>oH\X,Qi) 

where H'^{X,Qg) is the i-th £-adic cohomology space, and we view H{X,Qi) as 
a Z-graded vector space. Similar notation applies for cohomology with compact 
supports. If if = ©igzii* is a finite dimensional graded vector space over some 
field F, and M is a graded endomorphism of H , then we put 

Trace{M \ H) = ^(-l)^Trace(M | W) 

2. The Grothendieck ring of varieties 
2.1. Definition and realization morphisms. 

Definition 2.1 (Grothendieck ring). Let S he any Noetherian scheme. We define 
the Grothendieck group of S -varieties Kf){Vars) as the abelian group with 

• generators: isomorphism classes [X/S] of separated S -schemes of finite type 
X 

• relations: if Y ^ X is a closed immersion, then [X/S] = [{X — Y)/S] + 
[y/S] ("scissor relations"). 

The product [X/S] ■ [Y/S] = [{X Xg Y)/S] defines a ring structure on KoiVars), 
and we call this ring the Grothendieck ring of S -varieties. 
Moreover, we put L5 = [Ays] and Ms = Ko{Vars)[hg^]. 

A morphism of Noetherian schemes T — > induces base change morphisms of 
rings Ko{Vars) — > KoiVarT) and J^s M.T- Moreover, a separated morphism 
of finite type S U induces forgetful morphisms of abelian groups Ko{Vars) 
Ko{Varu) and Ms ^ Mu (the definition of the latter requires some care: if X 
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is a separated S'-scheme of finite type, then [X/5]L^* is mapped to [X/[/]Lj}', for 
any i g Z). 

The following properties follow immediately from the definition: for any sepa- 
rated S'-scheme of finite type X, the natural closed immersion Xj^^^i — > X gives 
rise to the equality [X/S] — [Xred/S] in Ko{Vars)- Likewise, the base change 
morphisms Ko(Vars) KolVars^^^) and Ais -^Smd ^^'^ ring isomorphisms. 

If the base scheme S is clear from the context, we write [X] and L instead of 
[X/S] and L5. If 5 is affine, say S = Spec A, then we write ifo(Far^) and Ma 
instead of Ko{Vars) and Ms- 

Even if A; is a field of characteristic zero, the Grothendieck ring KQ{Vark) is not 
very well understood. Poonen showed that Ko{Vark) is not a domain 38 . It is 
not known if the natural morphism KQiVark) — > A^fc is injcctivc (i.e. if L is a zero 
divisor in KQ{Vark)). Wc refer to [3JL, for some intriguing questions and results. 

Now let k be any field. By its definition, K^iyark) is the universal additive and 
multiplicative invariant for the category Var}^ of fc-varieties: any invariant of k- 
varieties with values in a ring A which is additive w.r.t. closed immersions and mul- 
tiplicative w.r.t. the product of /c-varieties, defines a ring morphism KQ{Vark) — > A. 
Here are some well-known examples we will need: 

(1) Counting rational points: if fc is a finite field, then there exists a unique ring 
morphism 

^■.K^{VaTk)^-L 

which maps [X] to ttX(fc) (the number of fc-rational points) for each separated 
fc-scheme of finite type X. It localizes to a ring morphism jj : tVI/j — > Q. 

(2) Etale realization: let k be any field, and denote by Gk the absolute Galois 
group G{k^/k). We fix a prime £ invertible in k, and we denote by Repa^iQi) 
the abelian tensor category of ^-adic representations of Gk (i.e. finite dimensional 
Qf-vector spaces with a continuous left action of Gk)- The tensor structure on 
RepGkiQe) defines a ring structure on the Grothendieck group KQ{RepGk{Qi)) ■ As 
pointed out in [34j . there exists a unique ring morphism 

et : KoiVark) ^ KoiRepoAQt)) 

such that 

et([X]) = ^(-l)Mi/^(Xx,F,Q,)] 

i>0 

for each separated fc-scheme of finite type X. It localizes to a ring morphism et : 
Mk KoiRepoMd) (since ei(L) = [^^(-1)] is invertible in KQ{RepGMt)))- 

(3) The £-adic Euler characteristic: if k is any field and £ is a prime invertible 
in fc, then there exists a unique ring morphism 

Xtop ■ Mk Z 

such that 

XtopiiX]) - ^(-l)MimiJ^(X Xk k\Qi) 

i>0 

for each separated fc-scheme of finite type X. It can also be obtained by composing 
the etale realization et with the forgetful morphism 

Ko{RepGMi))^Ko{Qe)^Z 

The morphism Xtop is independent of £ (this is well known: if k has characteris- 
tic zero it follows from comparison with singular cohomology; if k is finite from 
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the cohomological interpretation of the zcta function; if k is any field of positive 
characteristic by spreading out and reduction to a finite base field) . 

(4) The Hodge-Deligne realization: assume k = C, and define the Hodge-Deligne 
polynomial HD{X; u, v) of a separated C-scheme of finite type X by 

HD{X; u, v) = "^{-lfhP''i{H^{X{C)X))vPv'i 

k^O 

where hP'''{H^{X,C)) denotes the dimension of the (p, g)-component of Deligne's 
mixed Hodge structure on H^{X,C). Then HD(-;u,v) is additive and multiplica- 
tive, so there exists a unique ring morphism 

HD : KoiVarc) Z[u,v] 

mapping [X] to HD{X; u, v) for any separated C-scheme of finite type X. It local- 
izes to a ring morphism HD : Mc — > Z[u, w, u^^, w^^]. 

The definition of HD generalizes to an arbitrary base field k of characteristic 
zero, either by invoking the Lefschetz principle (the Hodge numbers are algebraic 
invariants) or by using Bittner's presentation of the Grothendieck ring (Theorem 

As a general rule, whenever /i is a group morphism from Ko{Vark) or M-k to 
some abelian group A, we write fM{X) instead of ^([^]) for any separated /c-scheme 
of finite type X. 

2.2. Bittner's presentation and the theorem of Larsen and Lunts. Let k 

be any field. 

Definition 2.2. We denote by i^p'''^ (yarfe) the abelian group given by 

• generators: isomorphism classes [X]i)i of smooth, projective k-varieties X 

• relations: [0];,; = 0, and if Y is a closed subvariety of X , smooth over k, 
X' —>■ X is the blow-up of X with center Y, and E — X' XxY is the 
exceptional divisor, then [X']i,i — [E\i,i = [X]u — \Y]i,i ("blow-up relations" ) . 

The product [X]u ■ \Y]u ~[X Xk Y]u defines a ring structure on 

The ring K^^\Var}^y is defined in the same way, replacing "projective" by 
"proper" . 

Note that the product is well-defined, since blow-ups commute with flat base 
change. It follows immediately from the definition that there exist unique ring 
morphisms 

a : K^^'\Vark)^Ko{Vark) 
a' : Kf\Vark)' -^K^iVark) 
mapping [X]i,i to [X] for any smooth, projective (resp. proper) fc-variety X. 

Theorem 2.3 (Bittner [10 , Thm. 3.1). If k has characteristic zero, then the natural 
ring morphisms 

a : Kf\Vark)^Ko{Vark) 
a' : Kil''\Vark)' KoiVark) 

are isomorphisms. 
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It follows easily from Hironaka's resolution of singularities that a and a' are 
surjective. Using Weak Factorization 3J, Bittner also proved injectivity. 

Recall that two smooth, projective, connected fc-varieties X,Y are called stably 
birational if there exist integers m,n > such that X P™ and F are 
birational. This defines an equivalence relation on the set of smooth, projective, 
connected fc-varieties. We denote by SB the set of equivalence classes and by Z[SB] 
the free abelian group on SB. 

Theorem 2.4 (Stably birational realization [29]). Ifk has characteristic zero, then 
there exists a unique isomorphism of abelian groups 

^SB ■■ Ko{Vark)/hKo{Vark) ^ Z[SB] 
mapping a smooth, projective, connected k-variety to its equivalence class in SB . 

As explained in [29, 2.4+7] the existence of ^sb follows immediately from The- 
orem and the fact that it is an isomorphism follows easily from Weak Factor- 
ization l^. In [29] it was assumed that k is algebraically closed, but this is not 
necessary [28l p. 28] . 

Corollary 2.5 (Albanese realization [38] ). Assume that k has characteristic zero, 
denote by AVk the monoid of isomorphism classes of abelian varieties over k, and 
by X^AVk] the associated monoid ring. There exists a unique ring morphism 

Alb : KoiVark) ^ Z[AVk] 

which sends the class [X] of a smooth, projective, connected k-variety X to the 
isomorphism class of its Albanese Alb{X) in Z[AVk]. 

In particular, if A, B are abelian varieties over k, then [A] = [B] in KQ{Vark) 
iffA^B. 

Proof. The Albanese is invariant under stably birational equivalence. □ 

Note that Albiju) = 0, so that Alb does not localize to a realization of Aik- 

2.3. Specialization to Chow motives. Let k be any field, denote by Mot^J^ the 
category of effective Chow motives over k with rational coefficients, and by Motk 
the category of Chow motives with rational coefficients. The natural functor 

Motl^^ Motk 

is additive and compatible with the tensor product, so it yields a natural ring 
morphism 

p : Ko{MofJi') ^ KoiMotk) 
which induces an isomorphism 

KoiMotl^^)i[L^otr^) = KoiMotk) 

where ILmot denotes the Lefschetz motive. I do not know if p is injective (i.e. if 
[Lmot] is not a zero divisor in KoiMot^f'^)). Using the fact that Mot'jf-^ —> Motk 
is fully faithful, it is easily seen that p is injective if one assumes the following 
conjecture: 

Conjecture 2.6 (Goettsche [20l, Conj. 2.5). If M and N are objects of MofJ^ , 
then [M] = [N] in Ko{AIot'^^^) iff M and N are isomorphic. 
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Proposition 2.7. Assume that Conjecture \2.6\ holds. If M and N are objects of 
Motk, then [M] ~ [N] in Ko{Motk) iff M ^ N in Motk- Moreover, p is injective. 

Proof. If [M] = [N] in KQ{Motk), then there exists an object P in Motk such that 
M ® P ^ N ® P. For i > 0, P ® Lj„„t, M (g) L^„t and N Lj„oj are effective, and 
then 

{M ® Lj„„,) ® (P - (iV ® Lj„„,) © (P ® Lj„„,) 

in Motl^f . Hence, [M®L;„„J = [N in Ka{Motl^^) and by Conjecture[2H 
this implies that M ® L^^j and ^Inot isomorphic in Mot'j/^ . Tensoring 
with L;;^j shows that M = in Motk. 

This easily implies the injectivity of p: any element a of Kfi{AI ot'^J ^ ) can be 
written as [Af] — [N] with Af and N objects of Motif , Pi'^) ~ ^ means that 
M and N have the same class in KQ{Motk). Hence, M and N are isomorphic in 
Motk, and therefore also in Mot^f^, so a = 0. □ 

It was shown in [2D| that Conjecture 2.5 follows from the Beilinson-Murre Con- 
jecture 01 Conj.2.1+5.1+Thm.5.2] 

We denote, for each smooth and projective variety X over k, by M{X) the 
motive {X, id) associated to X in Mot^J^ . With slight abuse of notation, we'll use 
the same notation for its image [X, id, 0) in Motk. 

Theorem 2.8 (Gillet-Soule [T9j, Guillen-Navarro Aznar 25J, Bittner lOj). Assume 
that k has characteristic zero. There exist unique ring morphisms 

X'f^ : KoiVark)^ K^iMotl^f) 

X ■ Mk^ KoiMotk) 

such that, for any smooth and projective k-variety X, x'^^^ {X) (resp. x(X) ) is the 
class of Mix) inKo{Motl^f) (resp. Ko{Motk)). 

The question about the existence of such a morphism x'^'^'^ '^^^ raised already by 
Grothendieck in a letter to Serre |T51 letter of 16/8/1964]; he also asked how far the 
morphism x'^'^^ is from being bijective. It is known that x'^'^^ is not injective: iso- 
geneous abelian varieties have isomorphic Chow motives with rational coefhcients, 
while, if k has characteristic zero, the classes of two abelian varieties in Ko{Vark) 
coincide iff the varieties are isomorphic, because of the existence of the Albanese 
realization fCorollarv l2.5p . 

However, this example does not answer the following question: Is x injective? 
It is not known if L is a zero divisor in Ko{V ark) , and the Albanese realization 
Alb maps L to zero, so it is not clear if two non-isomorphic abelian varieties have 
distinct classes in A^fc. 

We will show in Proposition 17.91 that, for an appropriate base field k of charac- 
teristic zero, X is non-injective. I do not know if x and x^'^^ are surjective. 

Remark. Theorem 12.81 still holds if we replace rational coefficients by integer 
coefficients [HI Thm. 4]. By Theorem l2.31 we only have to check that Chow motives 
satisfy the blow-up relations. For rational coefficients, this was proven in [551 5.1], 
but the same proof holds for Z-coefficients (see [H 0.1.3] for a computation of the 
Chow groups). If we work with Z-coefficients, I do not know if x and x'^^'^ are 
injective. □ 
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2.4. Spreading out. Let k be any field. We denote by ^4 the set of finitely 
generated sub-Z-algebras of k, ordered by inclusion. Then k is the limit of the 
direct system £/k in the category of rings. If X is a fc-variety, and A is an object 
in jz/fc, then a y4-model for X is a ^-variety Xa endowed with an isomorphism 
X ^ Xa fc. An A- model for a morphism of fc- varieties f : X —> Y is a morphism 
of yl-varieties /a ■ Xa Ya such that Xa and Ya are A-models for X, resp. Y, 
and such that / coincides with the morphism Xa x^i fc ^ Ya XAk obtained from 
Ja by base change (modulo the identifications Xa Xa k ^ X and Ya fc = F). 

For any pair of objects A, A' in jz/k with A C A' , we consider the natural base 
change morphisms 

: KoiVarA) ^ KoiVarA') 
V-A : Ma Ma' 

as well as 

0^ : KoiVarA) ^ KoiVark) 
^\ ■■ Ma^ Mk 

We obtain direct systems of rings {KQ{VarA): i^a) ^^^^ {Ma, ''Pa') indexed by the 
directed set £/k, and the morphisms 0^ and ■0^ induce morphisms 

: hm KoiVarA) ^ Ko{Vark) 
ip : lim Ma Mk 

The classical technique of "spreading out" can be formulated on the level of 
Grothendieck rings in the following way. 

Proposition 2.9 (Spreading out). The natural ring morphisms 
<P : lim KoiVarA) ^ Ko{Vark) 

ip : lim Ma —> Mk 

are isomorphisms. 

Proof. Surjectivity follows from the fact that for any fc- variety X, there exist an 
object A in ^4 and a A-model Xa for X, by 8.8.2]. Injectivity follows from 
the following facts: 

if A is an object of J24, and Ua and Va are A- varieties, then the canonical map 
lim HomA'{UA xa A' , Va xa A') Homk{UA xa k, Va xa k) 

is a bijection [23l 8.8.2]. Moreover, if /a : Ua Va is a morphism of A- varieties 
such that the induced morphism fk '■ Ua xa^— *Va XAfcisa closed (resp. open) 
immersion, then there exists an object A' in ^4 with A C A' such that the natural 
morphism Ja' : Ua x a A' ^ Va x a A' is a. closed (resp. open) immersion [23l 
8.10.5]. □ 

Proposition 12.91 provides a convenient way to construct additive and multiplica- 
tive invariants of fc-varieties. We will give an illustration in Section 12.51 (see also 
the Appendix). 
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2.5. The Poincare polynomial. Let k be any field. It is, in general, a non- 
trivial problem to decide whether the classes of two /c-varieties X, Y in Ko{Vark) 
are distinct. To this aim, it is important to know some "computable" realization 
morphisms on Ko{Vark). If k has characteristic zero, we've encountered many of 
these in the preceding sections, but in positive characteristic, we're considerably less 
equiped. For fc = C or fc a finite field, one can define the virtual Betti numbers f3i{X) 
and the Poincare polynomial P{X;T) of a fc-variety X using Deligne's theory of 
weights |17j [18j . By spreading out, these invariants can be generalized to arbitrary 
base fields. These definitions seem to be known to experts, but since we could not 
find a reference for their construction and main properties, we found it worthwhile 
to include the arguments in the Appendix. We summarize in the following theorem 
the facts we'll need in the remainder of this article. 

Theorem 2.10. Let k be any field. For any separated k-scheme of finite type X , 
its Poincare polynomial P{X; T) G Z[T] has degree 2d, with d the dimension of X . 
The coefficient of T^"^ in P{X:T) equals the number of irreducible components of 
dimension d of X x^k^- The value P[X]1) is equal to the Euler characteristic 
Xtop{X). If X is smooth and proper over k, then 

P{X-T) ^Y.^-iy^,{x)T' 

i>0 

with bi{X) = dim_ff''(X Xj, k'^,Qi) for any prime £ invertible in k. 

There exists a unique ring morphism P : Ko{Vark) — > Z[r] mapping [X] to 
P{X;T) for any separated k-scheme of finite type X. The morphism P maps L to 
T^ and localizes to a ring morphism P : Aik Z[T, T~^]. 

Proof. See Appendix (Section [8|), in particular Propositions 18.61 18.71 and 18. 101 □ 

The existence and properties of the Poincare polynomial yield the following useful 
criterion to distinguish elements of the localized Grothendieck ring. 

Corollary 2.11. Let k be any field, and let X and Y be separated k-schemes of 
finite type such that [X] = [Y] in M.^- Then X and Y have the same dimension 
d, and X k^ and Y Xk k'^ have the same number of irreducible components of 
dimension d. In particular, if X is non-empty, then [X] ^ in A4k. If X and Y 
are proper and smooth over k, then they have the same £-adic Betti numbers (for £ 
invertible in k). 

The first part of Corollary 12.111 (concerning the dimension and the geometric 
number of irreducible components of maximal dimension) was proven in |3H 4.7] 
by a different method (their proof was formulated for KQ{Vark) but holds also for 
Mk). 

2.6. Zero divisors. In ^SSj, Poonen has shown that KQ{Vark) is not a domain if 
A; is a field of characteristic zero. Other examples of zero-divisors were constructed 
by KoUar [251 Ex.6] and by Liu and Sebag [311 5.11]. To my best understanding, 
these proofs don't say anything about Mk- The authors construct elements a and 
(3 in KQiVark) such that a • /? = 0, and to show that neither a nor (3 are zero, they 
use the stably birational realization ^sb (Theorem 12. 4|) or the Albanese realization 
(Corollary [23]). However, each of these realization morphisms maps L to 0, so they 
do not allow to conclude that a and [3 are non-zero in A^^. 
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To my knowledge, the only case where it has been shown that A^fe is not a 
domain, is the case where k is not separably closed [40l 3.5] (the result is stated 
there for Ko{Vark) but works also for J^k', it generalizes Thm. 25]). We'll 
give a new proof of this result, which does not use ^-adic cohomology. We refer to 
Proposition 1 7 . 1 Ol for another example of a zero-divisor in A^^ (for appropriate k). 

Proposition 2.12. If k is any field which is not separably closed, then Ko{Vark) 
and A4k are not domains. 

Proof. Choose a non-trivial finite Galois extension k' of fc, and put d — [k' : k]. 
Then ([Specfc'] - d) ■ [Spec/c'] = in Ko{Vark). We'll prove that [Spec A:'] ^ and 
[Specfc'] 7^ d in Affc. By Proposition 12. 9[ it is enough to show that [X] 7^ 0,c? in 
Ma for every object A in jz/k and every A-model X of Spec k' . If y is a closed point 
on X then k(jj) is finite, and applying the point counting morphism ft : A4y — » Q 
(Section [2T|l we see that [X xspccAV] 7^ in My. This implies [X] 7^ in Ma- It 
remains to show that [X] d in Ma- 

Localizing A we may assume that X is irreducible. The function field k{X) is a 
field extension of degree d of the quotient field k{A) of A, since k{X) ^k{A) k = k' . 
Base changing to an object A' in J24 with ^ C ^' we may assume that every 
automorphism of k' over k is induced by an automorphism of X over A [231 8.8.2]. 
Localizing A again we may suppose that X is a Galois cover of Spec A. 

By Chebotarev's density theorem for Spec A (see [44 ), there exists a closed point 
X on Spec^ which does not split completely in the Galois cover X. It suffices to 
show that [X k{x)] ^ d in Mx- This can be seen by applying the point counting 
morphism ^ : Mx ^ Q.- Q 

I do not know whether Mk is a domain if k is separably closed, or if KQ{Vark) 
is a domain if k is separably closed and has characteristic p > 0. If fc' is a purely 
inseparable finite field extension of /c, I do not know if [Spec A:'] 7^ [Specfc] in 
KoiVark). 

3. NeRON SMOOTHENING of PAIRS 

3.1. Pairs of varieties. Let S be any scheme. A pair of 5- varieties (X, A) consists 
of a 5- variety X and a closed subvariety A oi X . We say that the pair {X,A) is 
proper, smooth, ... if this holds for both X and A. A morphism of pairs of S- 
varieties / : (F, B) {X, A) is a morphism of S'-varieties f : Y ^ X such that 
f{B) C A. Since B is reduced, this implies that the restriction of / to i? factors 
through a morphism of S'-varieties f : B ^ A. We embed the category of S'-varieties 
in the category of pairs by A 1-^ (A, 0). 

We denote by i? a discrete valuation ring, with quotient field K and residue field 
k. The maximal ideal of R will be denoted by 371. We fix a separable closure A" of 
K, and we denote by R"^ the strict henselization of R in A", and by A*'' C A* its 
quotient field. We denote by fc** the residue field of R^'^. The field k'^ is a separable 
closure of k. 

If (A, A) is a pair of A-varieties, then their generic fibers {Xk, Ak) form a pair 
of A- varieties. We say that the pair (A, A) is generically smooth if {Xk, Ak) is a 
smooth pair of A-varieties. 

We recall two properties which we'll frequently use: if y is a smooth fc-variety, 
then Y{k'') is schematically dense in Y [T3l 2.2.13] and if A is a smooth A-variety, 
then the natural reduction map X{R''^) — > Xs{k'') is surjective [13l 2.3.5]. 



12 



JOHANNES NICAISE 



3.2. Neron smoothening. 

Definition 3.1 (Ncron smoothening). If X is a generically smooth R-variety, then 
a Neron smoothening of X is a morphism of R-varieties h : Y X with the 
following properties: 

• Y is smooth over R 

• Hk '■ Yk — > Xk is an isomorphism 

• h satisfies the following "weak valuative criterion" : the natural map (j) : 

^ is bijecttve. 

Note that injectivity of foUows aheady from the fact that h is separated. Any 
generically smooth i?- variety X admits a Neron smoothening, by [131 3.5.2]. 

Definition 13.11 is different from the one in [T31 3.1.1] but more adapted to our 
purposes. To compare both definitions, let us call a morphism of i?-varieties h : 
Y ^ X a smoothening* if it is a smoothening in the sense of [l3l 3.1.1] (i.e. 
Xk is smooth over K, hx is an isomorphism, h is proper, and the natural map 
Sm(Y){R'^) Y{R''') is bijective). 

Definition 3.2 (Admissible ideal sheaf). IfY is any R-variety, an ideal sheaf I 
on Y is called admissible if it contains an element of the maximal ideal SJl of R. 

Lemma 3.3. Let Y be any R-variety, let X be an admissible locally principal ideal 
sheaf on Y , and denote by Z the closed subscheme ofY defined by T. If 

{aeY{R''')\as(^Z{k')} = $ 

then Sm{Y) dY - Z. 

Proof. We may as well assume that Y is connected and smooth. Then Zred either 
is empty or coincides with the special fiber Yg. But Ys{k^) is dense in Y, and any 
point in Ys{k'^) lifts to a section in Y{R^^), so Z is empty. □ 

Proposition 3.4. Let X be a generically smooth R-variety. If Z ^ X is a 
smoothening* , then the induced morphism Sm{Z) X is a Neron smoothening 
in the sense of Definition \3.1l Conversely, if h : Y —> X is a Neron smoothen- 
ing, then there exists a smoothenening* g : Z ^ X .such that Y and Sm{Z) are 
isomorphic as X -schemes. 

Proof. It is obvious from the definition that Sni{Z) X is a, Neron smoothening 
\i Z ^ X \s a smoothening*. Conversely, lei h -.Y ^ X he a smoothening*. By 
Nagata's embedding theorem, there exist a proper morphism h : Y X and a 
dense open immersion j :Y ^Y such that h = ho j. Since hx is an isomorphism, 
hx and Jk are isomorphisms, and since Y C Sm{Y) and h is a Neron smoothening, 
h is a smoothening*. 

If k is perfect, this implies automatically that j is an isomorphism onto Sm(Y) 
(because any point in Sm{Y)s{k'') lifts to a section in Y{R''^), which has to be 
contained in Y{R''^) since Y ^ X is a Neron smoothening). 

If k is not perfect, this needs not be true (take X = Y — A]^ and Y — X — {x} 
with X any closed point on Xg whose residue field is inseparable over k) so we 
have to modify Y. Let U be the complement of Yg in Yg, with its reduced closed 
subscheme structure, and denote by 2 its defining ideal sheaf. Let b : Z Y he 
the blow-up with center U . Since b is an isomorphism over Y , 

hob: Z ^X 
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is again a smoothening*. 
We put 

V -=2 XyU 

This is a closed subscheme of Z, defined by the invertible sheaf XO^. Since Y ^ X 
is a Neron smoothening, 

{a e Z{R''')\ae V{k')} ^ 

so Lemma 13.31 imphes that V is disjoint from Sm{Z). On the other hand, h : 
Z—V ^ y is an isomorphism and Y is smooth, so we conclude that Sm{Z) = Z—V, 
and Y and Sm{Z) are isomorphic as X-schemes. □ 

Definition 3.5 (Neron smoothening of pairs). Let {X,A) be a generically smooth 
pair of R-varieties. A Neron smoothening of {X, A) is a morphism of pairs of R- 
varieties h : {Y, B) —>■ {X, A) such that h : Y ^ X is a Neron smoothening of X 
and h : B —> A is a Neron smoothening of A. 

This definition implies in particular that B is the schematic closure of h~^^ (Ak) C 
Yr- in Y. Note that h : (Y, B) {X, A) is a Neron smoothening as soon as 
h : Y —> X is a Neron smoothening, B is smooth over _R, and hpc ■ Bk Ak is an 
isomorphism: then a section a in j4(i?*'*) lifts uniquely to a section a' in 
which is automatically included in B{R'^^) since G Bk{K'^^) and B is closed in 
Y. 

Definition 3.6 (Strict transform and admissible blow-up). Let {X,A) he a pair of 
R-varieties. Ifh:Y—>Xisa morphism of R-varieties such that hx is an isomor- 
phism, then the strict transform of A inY is the schematic closure of h]^^{Ax) in 
Y. 

If T is an admissible ideal sheaf on X, we define the blow-up of {X^A) at the 
center T as the morphism of pairs of R-varieties 

h : {Y, B) -> {X, A) 

where h : Y ^ X is the blow-up of X at T, and B is the strict transform of A in 
Y. We call such a morphism h an admissible blow-up of{X,A). 

We denote for any i?-variety Z by Z^''"-* the maximal i?-flat closed subscheme 
of Z, i.e. the closed subscheme of Z defined by the 971-torsion ideal. Then 
the admissible blow-up of {X, A) at the ideal TlOx is the natural morphism 
(^Xfi^^Af^""*) {X,A). 

In general, if (Y, B) {X, Z) is any admissible blow-up, then B is flat over 
R. Moreover, the natural maps YiR"'') X(i?"'') and B(i?"'') A{R''') are 
bijections, by the valuative criterion for properness; so we can identify any subset 
E of X{R^^) (resp. A{R'^)) with its inverse image in Y(R^^) (resp. B{R^^)). 

The main result of this section is the following. 

Theorem 3.7. Let {X^A) be a generically smooth pair of R-varieties. There exists 
a composition h : (y, B) — > {X, A) of admissible blow-ups, such that Sm{B) = 
Sm{Y) n B and such that the restriction of h to {Sm{Y), Sm{B)) {X,A) is a 
Neron smoothening of {X, A) . 

The proof of Theorem 13.71 follows after Proposition 13.131 First, we need some 
preliminary results. 
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Lemma 3.8. Let Z he a R-variety, and let a be a section in Z{R^^). Let C he a 
closed suhscheme of Zg, and assume that Z is smooth over R at Os (z Zsik"), and 
that C is smooth over k at as- Denote hy Z' ^ Z the hlow-up with center C , and 
hy a' the unique lifting of a to Z'^R"^). Then Z' is smooth over R at a'^ G Z'^{k^). 

Proof. Since blowing up commutes with flat base change, we may assume that Z 
is smooth over R, and that C is smooth over k. Denote hy D ^ Z the dilatation 
with center C (see [13, §3.2]); then D is an open subscheme of Z' in a natural 
way. By the universal property of the dilatation [13, 3.2.1], a' factors through D, 
so a's e Dsik"). But D is smooth over i? by [HI 3.2.3]. □ 

Proposition 3.9. Let {X, A) he a pair of generically smooth R-varieties, and as- 
sume that the natural map Sm(X){R''''') X{R''^) is bijective. There exists a 
composition h : (Y, B) — > (X,A) of admissible blow-ups such that Sm{B) — > B and 
Sm{Y) —>■ Y are Neron smoothenings. 

Proof. We may assume that A is flat over R. By |T3l 3.4.2], there exists a compo- 
sition 

A' = Ar . . . Ai Ao = A 

such that hi is the blow-up at a closed subscheme Ci of the special fiber {Ai)s, for 
j = 0, . . . , r - 1, and such that the natural map S'to(^')(^''') A'{R'^) = A^R"^) 
is bijective. Moreover, we may assume that each center Ci is _E-permissible (in the 
sense of |T31 p. 71]) with E = A{R'''^). This implies in particular that the fc-smooth 
locus Ui of Ci is open and dense in Ci, and that none of the k'' -valued points of 
Ci - Ui lift to a section in A^iR"'^). 
Now let X' ^ X he the composition 

X' = Xr . . . — ^ Xi Xo^X 

with gi the blow-up of Xi at Ci, for i = 0, ... ,r — 1. Then Ai is canonically 
isomorphic to the strict transform of A in Xi, for each i, and these isomorphisms 
identify the restriction of gi to Ai with the morphism hi. In particular. A' is 
canonically isomorphic to the strict transform of A in X' . 

If a is any section in A'{R'''^), then X' is smooth over i? at S X!,{k^), 
by Lemma 13.81 This implies that Sm{A') C Sm(X'), because every point in 
Sm{A')sik'') lifts to a section in Sm{A'){R'''^) and S'm(A')s(fc^) is schematically 
dense in Sm{A')s. Again applying [T31 3.4.2], we can find a composition f : Y X' 
of admissible blow-ups such that / is an isomorphism over Sm{X'), and such 
that S'm(y)(i?"'') = Y{R''^). If we denote by B the strict transform of A' in 
Y, then the map B A' is an isomorphism over Sm{A'), and in particular, 
Sm{B){R'^) = B{R'^). □ 

The result in Proposition 13.91 is not yet strong enough to produce a Neron 
smoothening of the pair {X,A), since it does not guarantee that Sm{B) is a closed 
subscheme of Sm(Y). For this purpose, we introduce a new invariant. 

Definition 3.10. Let {X, A) be a pair of R-varieties, and denote bylA the defining 
ideal sheaf of A on X . If a is a section in X{R''^), and x is the image of as in X, 
then we define the contact of a and A by 

CAia) = {iniiiv{a*f)\f e (X^) J e N U {cx)} 

where v denotes the discrete valuation on R"^ . 
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Note that CA{a) ^ iS x A, and CA{a) = oo iff a G 

Lemma 3.11. Assume that R is excellent. Let {X,A) be a generically smooth pair 
of R-varieties, and let C be a closed subscheme of As- Put 

Ec = {ae X{R'^) I as £ CCfc")} 

and assume that Ec H A{R'^^) = 0. Then there exists a value c > such that 
CA (a) < c for every a G Ec ■ 

Proof. By [21, 5.6] i?"'' is excellent, so we may assume that R = i?*'', and that there 
exists a closed immersion X — > for some n > 0. Let Fi, . . . ,Fr be a system 
of generators of the defining ideal of A in A'^, and assume that ca is unbounded 
on Ec- Then in particular, for any z/ > 0, there exists a point x G A^(i?) — i?" 
such that Xs G C{k) and Fi{x) = mod for all i. Since i? is excellent, it follows 
from Greenberg's Theorem [22l Thm. 1] that there exists a section a G Ec which is 
contained in A(R); so we arrive at a contradiction. □ 

Lemma 3.12. Let {X,A) be a pair of R-varieties, let a be a section of X{R'''^) 
which is not contained in A{R''^), and let C be a closed subscheme of Xs- Denote 
by {X' ,A') {X,A) the admissible blow-up with center C. Then c^'(a) < CA{a)- 
Lf moreover, C is a closed subscheme of A^ and G C'{k''), then ca'^cl) < c^(a). 

Proof. We may assume that X is affine. We choose a uniformizer tt in i?. Let / 
be an element of the defining ideal of A in X such that CA{a) = v{a* f). Since the 
pull-back of / to X' vanishes on A', we see immediately that CA'{a) < CA{a). 

Now assume that Us G C{k^) and that C is a closed subscheme of Ag, and 
denote by Ic the defining ideal of C in X. If we denote by D — > X the dilatation 
of X with center C, then D is an open subscheme of X' and a is contained in 
D{R^^) C X'{R^^). Moreover, since / vanishes on C and tt generates LcOd, there 
exists an element /' in Ox'{D) such that /' = tt./. Then /' vanishes on A'^ 
because / vanishes on Ak, and as A' is the schematic closure of A'j^ in A, we see 
that /' vanishes on A'. Moreover, v{a* f) = v{a*f) — 1 so ca'{o,) < C/i(a). □ 

Proposition 3.13. Let (X,A) be a pair of generically smooth R-varieties, and 
assume that the natural morphisms Sm(X) — > X and Sm{A) — > A are Neron 
smoothenings. There exist a composition (Y, B) — > {X, A) of admissible blow-ups 
with centers contained in (the strict transform of) A, such that Sm{B) — Sm{Y) n 
B, and such that Sm{Y) — > Y and Sm{B) —>■ B are Neron smoothenings. 

Proof. Denote by D the complement of Sm{X)nSm{A) in Sm{A) (with its reduced 
closed subscheme structure), and denote by D its schematic closure in A^. Since 
every point of Sm{A)s{k'') lifts to a section of we see that Sm{A)s{k'^) C 

Sm{X)s{k''), so D{k'') = 0. Denote by C the complement of Sm{X) D Sm{A) in 
Sm{X) n A (with its reduced closed subscheme structure), and by C its schematic 
closure in As , and put 

% = {a G XiR"'') I as G C{k')} 

Denote by S the completion of R'^^ . The morphism Sm{A) Xb. S ^ A Xb. S is 
a Neron smoothening by [13, 3.6.6], so Sm{A){S) = A{S). Since C is disjoint from 
Sm{A), we have 

{beA{S)\bseC{k')} = ^ 
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Since S is excellent, we can apply Lemma 13.111 and we see that 

M {X, A) max{cA{a) \ a e -%} 

is well-defined and finite (we put max0 = 0). We will argue by induction on 
M{X,A). 

Induction basis: assume M(X,A) — 0. This is only possible if Er^ — 0, since 
for every section a € E"^, belongs to As{k^), so c^(a) > 0. Moreover, since any 
point of Sm{X)s{k') lifts to a section in Sm{X){R''''), % = implies C(P) = 0. 

If k is perfect, then we get C = 0, so Sm{X) n Sm{A) = Sm{X) n A. Also, in 
this case D{k'') — implies that D — $ and Sm{A) C Sm{X), so we are done. 

If k is not perfect, we consider the admissible blow-up 

h:{Y,B)^{X,A) 

with center CUD. Then Lemma [331 shows that h^^{CU D) is disjoint from Sm,{Y) 
and Sm{B), so h induces isomorphisms 

Sm{Y) ^ Sm{X)~(CUD) = Sm{X) ^ C 

Sm{B) ^ Sm(A)^(CUD) = Sm{A) D = Sm{A) D Sm{X) 

Hence, S'm(B) = 5TO(r) n B, and S'm(y) Y and S'm(B) ^ B are Neron 
smoothenings. 

Induction step: assume M := M{X,A) > 0, and suppose that Proposition \ 3.lM 
holds for all pairs as in the statement with M(-, •) < M . Let hi : {Xi, Ai) — > {X, A) 
be the admissible blow-up with center C. By [131 3.4.2] there exists a composition of 
admissible blow-ups /12 : (X2, A2) — > {Xi,Ai) such that Sm{X2) — > X2 is a Neron 
smoothening. Applying Proposition 13.91 we may suppose that Sm{A2) — > A2 is 
also a Neron smoothening. 

Denote by C2 the complement of Sm{X2) fl S'm(^2) in iS'm(X2) fl A2 (with its 
reduced closed subscheme structure), and by C2 its schematic closure in (^2)5. We 
put 

E^^ = {a e X2{R'")\as eC2{k')} 

Since C2 C (/ii 0/12)"^ (C), Lemma l3 . 1 2 1 implies that c^aC'*) < for each element a 
of ^o Af(X2, ^12) < M and we may conclude by the induction hypothesis. □ 

Proof of Theorem \3.7\ By TS', 3.4.2], there exists a composition of admissible blow- 
ups lx',A') {X,A) such that the natural map Sm{X'){R'''') X'{W^) is a 
bijection. By Proposition 13.91 we can find a composition h : {X" ,A") {X',A') 
of admissible blow-ups such that the maps Sm{A") — > A" and Sm{X") X" are 
Neron smoothenings. Finally, we apply Proposition 13. 131 to the pair {X" ,A"). □ 

Definition 3.14 (Weak Neron models of pairs). If {Xk , Ak) is a smooth pair of 
K -varieties, then a weak Neron model for {Xk, Ak) is a smooth pair of R-varieties 
{Y, B) endowed with an isomorphism of pairs of K -varieties f : {Yk,Bk) 
{Xk,Ak) such that the natural map y(i?'*'') Yk{K^^) is a bijection. 

Note that B{R''^) Bk{K^^) will automatically be a bijection: any section a 
in YiR"^) with aK £ Bk{K''^) belongs to B{R'^), since B is closed in Y. 

If Vk is a smooth iiT-variety, then a smooth i?-variety W endowed with an 
isomorphism of if-varieties g : Wk Vk is a weak Neron model for Vk (in 
the sense of [13]) iff (W, 0) is a weak Neron model for {Vk,%) w.r.t. the map g. 
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Moreover, {{Y,B),f) is a weak Neron model for {X,A) iff {Y, f) is a weak Neron 
model for X and {B, JIbk) is a weak Neron model for A. 

The following proposition gives a necessary and sufficient condition for the exis- 
tence of a weak Neron model. 

Proposition 3.15. A smooth pair of K -varieties {Xk,Ak) admits a weak Neron 
model, iff Xk{K^^) is hounded in Xk (in the sense of 13, 1.1. 2]J. 

Proof. By [13, 3.5.7], Xk{K'^^) is bounded in Xk iff there exists a i?-variety X' 
whose generic fiber is isomorphic to Xk and such that the natural map X'{R'^^ ) 
X'p^{K^^) is a bijection, so boundedness is obviously a necessary condition for the 
existence of a weak Neron model. 

Let us prove that it is also sufficient. We fix an isomorphism between X'^^ and 
Xk- If we denote by A' the scheme-theoretic closure of Ak in X', then the generic 
fiber of {X\A') is isomorphic to the pair {XkiAk)- 

By Theorem 13.71 there exists a Neron smoothening g : {Y,B) {X',A'). 
The pair {Y,B) endowed with the isomorphism gK ■ {Yk,Bk) {X'j^,A'^) = 
{Xk, Ak) is a weak Neron model of {Xk, Ak)- □ 

Corollary 3.16. Any smooth and proper pair of K -varieties admits a weak Neron 
model. 

Proof. For any proper if- variety Xk, Xk{K^^) is bounded in Xk by TS", 1.1.6]. □ 
We'll take a closer look at this boundedness condition in the next section. 

4. Bounded varieties and weak Neron models 

We keep the notations of Section[3l and we assume moreover that R is complete. 

Definition 4.1 (Bounded and smoothly bounded varieties). Let L be a discretely 
valued field, and let X be a L-variety. We say that X is bounded if X{L^^) is 
bounded in X (in the sense of [131 1.1. 2]J. We say that X is smoothly bounded if 
X is bounded and the natural map Sm{X){L^^) — > X{L^^) is a bijection. 

Remark. If Sm{X) is bounded and the natural map Sm{X){L^^) X{L^^) is 
a bijection, then X is smoothly bounded by [131 1-1.4]. The converse holds if the 
ring of integers of L is excellent [131 1.1.9]. □ 

Definition 4.2 (Bounded and smoothly bounded rigid varieties). We say that a 
rigid K-variety X is bounded if it is separated and there exists a quasi-compact 
open subvariety V of X such that the natural map V{K') X{K') is a bijection 
for each finite unramified extension K' of K . If, moreover, V is smooth, then we 
call X smoothly bounded. 

If X is a rigid if- variety, then strictly speaking, the set X{K'^) is not defined since 
if" is not an affinoid if-algebra. Therefore, we put X{K'^) = \Jk> /kX{K') where 
K' runs trhough the finite extensions of K inside the fixed algebraic closure K"^ . The 
set X{K'^^) is defined similarily. If y is a if- variety, then the analytification map 
yan _^ y j^duces natural bijections Y{K°-) = y"»(is:'^) and Y{K^^) = Y°-'^{K^^). 

The definition of a bounded rigid variety appeared earlier in [141 1.2] and [361 
5.6]. The following proposition compares it to Definition HIT] for algebraic varieties. 
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Proposition 4.3. Let X be an algebraic variety over K , and denote by its 
analytification. 

(a) If E is a subset of X{K'^), then E is hounded in X iff there exists a quasi- 
compact open subvariety V of X"^" such that E is contained in V{K°'). 

(b) In particular, X°'^ is bounded iff X is bounded, and X"" is smoothly hounded 
iff X is smoothly hounded. 

Proof. If E is bounded in X, the existence of a subvariety V as in the statement 
follows easily from the definition [121 1-1-2]. So suppose conversely that V \s a. 
quasi-compact open subvariety of X"" such that E is contained in V{K°-). 

Choose a finite cover of X by afFine open subchemes Ui, . . . ,Ur. It is clear from 
the definition 1.1.2] and the Maximum Modulus Principle [HI 6.2.1.4] that, 
for any affine if -variety U, a subset F of U{K°-) is bounded in U iff there exists 
a quasi-compact open subvariety W of C/"" such that E is contained in W{K'^). 
Therefore, it suffices to construct, for each index i G {1, . . . ,r}, a quasi-compact 
open subvariety V, of such that V{K'') C U^V^{K''). 

Now {(i/i)"", . . . , (f/r)""} is an admissible open cover of X"" P, 0.3.3], and 

{{Uiy'' nv,...,{uX'' nv} 

is an admissible open cover of V. Since V is quasi-compact, this cover can be 
refined by a finite affinoid cover W — {Wi, . . . , Wq}. If we define Vi as the union of 
those members Wj of the cover W which are contained in {UiY"^, for i = 1, . . . ,r, 
then Vi is a quasi-compact open subvariety of [UiY"^ and UiVi{K°-) = V{K°-). This 
concludes the proof of (a). 

Applying this result to i? = X{K^'^) we see that X"^" is bounded iff X is bounded. 
Since, moreover, X is smooth at a closed point x iff X'^" is smooth at x |T6', 5.2.1], 
we see that X'^" is smoothly bounded iff X is smoothly bounded. □ 

Corollary 4.4. Let S be a discrete valuation ring, with quotient field L and residue 
field k, and let R be its completion. Let X be a L-variety, and assume either that 
X is smooth or that S is excellent. Then (X if)"" is bounded iff X is bounded, 
and {X y-L -f^)"" is smoothly hounded iff X is smoothly hounded. 

Proof. We fix an embedding of in if*. We know from Proposition 14.31 that 
{X XL K)"-^ is bounded iff (X K){K^'') is bounded iri X XlK. This is also 
equivalent to the property that X{K^^) is bounded in X [131 1.1.5], which implies 
that X{L'^) is bounded in X. 

Assume, conversely, that X is bounded. We have to show that X{K^'^) is 
bounded in X. If we denote by K' the closure of L*''' inside the completion of 
iiT'*'', then K"'^ is a subfield of isT'. By [H 1.1.5], X{L^^) (viewed as a subset of 
X(K')) is bounded in X x z, K' . Since X is smooth or S (and hence S'^ [HI 5.6]) 
is excellent, we can apply J3l 3.6.10] and we see that X{L'^^) is dense in X{K') 
(w.r.t. the topology induced by the valuation on L). It is clear from the definition 
[T3l 1.1.2] that this implies that X{K') is bounded in X. Therefore, X{K''^) is 
bounded in X. 

Now assume that S is excellent. By j24j 17.7.2], Sm{X x^ K) is canonically 
isomorphic to Sm{X) K. Combining this with Proposition 14. 3[ we see that 
X is smoothly bounded if (X x if)"" is smoothly bounded. Conversely, if X is 
smoothly bounded, then Sm{X) is bounded since 5* is excellent, so {Sm{X) x lKY"' 
is bounded by the first part of CoroUarv 14.41 Hence, to show that {X Xl if)°" is 
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smoothly bounded, it suffices to show that the natural map 

Sm{{X XL if)"") (if"'') -^{Xxl if)"" (if"'') 

is a bijection. By [16, 5.2.1], the source of this map is canonically isomorphic to 
{Sm{X X L if ))°", so it is enough to show that 

Sm{X XL K){K''^) -^{X XL K)(K''^) 

is a bijection. This follows from 13, 3.6.10] by the same arguments as above. □ 

Lemma 4.5. If f : Y ^ X is a proper morphism of separated rigid K-varieties, 
then Y is bounded if X is bounded. The same is true if f : Y ^ X is a proper 
morphism of K-varieties. 

Proof. Since if is a discretely valued field, the analytification of a proper morphism 
of if -varieties is a proper map of separated rigid if -varieties by the concluding 
remarks in |161 §5.2], so we only have to prove the result in the rigid analytic 
setting. There it follows from the fact that the inverse image of a quasi-compact 
open subvariety under a proper morphism is again quasi-compact. □ 

Let X he a, variety over an arbitrary field F. A compactification of X is a dense 
open immersion X ^ X of X into a proper i^- variety X. Such a compactification 
always exists by Nagata's embedding theorem. We denote by dX the complement 
of X in X (with its reduced closed subschcme structure). If X is smooth and F 
has characteristic zero, then X admits a smooth compactification by Hironaka's 
resolution of singularities. 

Proposition 4.6. Let L be a discretely valued field, and let X be a smooth L- 
variety. We assume that X admits a smooth compactification. The following prop- 
erties are equivalent: 

(1) X is bounded 

(2) there exists a compactification X of X such that dX{L^^) = 

(3) for every smooth compactification X of X , dX(L'^^) = 

So, in characteristic zero, boundedness means that there are "no unramified 
points at infinity" . 

Proof. The implication (2) (1) was shown in [13l 1.1.10] (only assuming that the 
ring of integers of L is excellent) and (3) ^ (2) follows from our assumption. So 
let us prove (1) => (3). By Proposition 14.41 we may assume that L is complete. We 
denote its ring of integers by R and its residue field by k. Let X be any smooth 
compactification of X. Let X be a weak Neron model for X . By boundedness of 
X and [111 4.4] we may assume that there exists an open formal subscheme 03 of X 
such that 2J,, is contained in X"", and such that 5J.,,(i') = X°-'^{L') for each finite 
unramified extension L' / L. 

Suppose that any closed point x on X^ whose residue field is separable over k is 
contained in QJ^. Then 

X(i"'') = X,^{U'') = 2J„(L"'') ^ XiL'^) 

and the lemma is proven. Hence, we may assume that there exists a closed point x 
in the complement of 2Js in Xs whose residue field is separable over k. Passing to 
a finite unramified extension of i?, we may suppose that x G Xs(fc). 
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The tube ]x[ of a; in X is an open rigid subvariety of X,, (see [9j 1.1.2]), and hence 
of X"'". Since X is formaUy smooth over R, the map 

X(i?/9Jl"+i) ^ X{R/m") 

is surjective for each n > 0, and by completeness of R, x hfts to a section in X(i?). 
Hence, there is an isomorphism of i?-algebras 

dx,. = R[[yi,...,yd]] 
with d = dim{X), by [131 3.1.2]. Moreover, by jS] 0.2.7], ]x[ is canonically iso- 
morphic to the generic fiber of the special formal i?-scheme SpiOx,x, which is the 
open unit polydisc of dimension d over L. Moreover, by our assumptions, all 
L-valued points of ]x[ are contained in {]x[n{dX)°-'^){L). However, since this im- 
plies that C (c)X)°", while on the other hand dim{dX) < d, we arrive at a 
contradiction. □ 

Remark. If L is a henselian discretely valued field and X an irreducible L- variety 
with a smooth L-rational point, then X(L) is dense in X. This is well-known and 
can be proved in an elementary way; it can also be deduced from the existence of 
weak Neron models using an argument similar to the one in the proof of (1) ^ 
(3). □ 

Definition 4.7 (Weak Neron model of a rigid variety [14], Def. 1.3). Let X be 

a separated rigid K -variety. A weak Neron model for X is a smooth separated 
formal R-scheme X, topologically of finite type, endowed with an open immersion 
h : ~f X, such that h induces a bijection Xrj{K') —>■ X(K') for each finite 
unramified extension K' / K . 

Proposition 4.8. A separated rigid K-variety X admits a weak Neron model iff 
X is smoothly bounded. 

Proof. This condition is obviously necessary. It is also sufficient: observe that, if V 
is a smooth quasi-compact open subvariety of X with V{K'^^) = X{K^^), a weak 
Neron model for V is also a weak Neron model for X, and apply [TH 3.3]. □ 

We establish some elementary properties of weak Neron models which we'll need 
in the following section. 

Lemma 4.9. Let S be a discrete valuation ring, with maximal ideal and quotient 
field L, and let R be its completion. Let X be a smooth and bounded L-variety, and 
let Y be a smooth S-variety endowed with an isomorphism f : Yl ^ X such that 
(y, /) is a weak Neron model for X . We put Yk = Yl x l K ■ Denote by ^ ^ Spf R 
the formal ^-adic completion of Y ^ Spec S" and by h the composition 

2)r, > {YkT'^ [XxlKY^ 

where the first arrow is the canonical open immersion 9, 0.3.5]. Then (2),/i) is a 
weak Neron model for {X Xl K)"^" . 

Proof. We only have to show that the canonical open immersion 2)^ — > (1^)"" 
induces a bijection {Yk)°'^^{K'), for any finite unramified extension 

K'/K. By definition of the analytification functor (.)"" (see e.g. [U 0.3.3]), there 
is a natural map of locally ringed sites (Yr-)"" — > Yk which induces a canonical 
bijection Yk{K') — {YkY''"'{K'). Moreover, since F is a weak Neron model for Yl, 
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it follows from [13, 3.6.7] that F xgi? is a weak Ncron model for Yk, so the natural 
map Y{R') — > Yl{K') is a bijection, with R' the normalization of R in K'. Hence, 
the result follows from the canonical bijections 2},,(i^') = 2}(-R') ^(-R')- '-' 

Lemma 4.10. If X, Y are smoothly bounded rigid varieties over K, and if (X, /) 
and (2), 5) are weak Neron models of X , resp. Y , then 

(X Xfl 2), f xk 9 ■■ X,, xk 2),, X xkY) 

is a weak Neron model for X x^Y . 

Proof. Since smoothness is preserved under base-change, and the composition of 
two smooth morphisms is again smooth, we see that Xx/jS) is a smooth stft formal 
i?-scheme. Note also that the fibered product commutes with taking generic fibers 
4.6], so that the generic fiber of X x^j!?) is canonically isomorphic to X,, x^f 2)^. 
As a fiber product of two open immersions, the morphism / X/f (7 is again an open 
immersion. It follows immediately from the universal property of the fiber product 
that (X X/j 2), / Xx g) is a weak Neron model ior X x^Y . □ 

5. MOTIVIC SeRRE INVARIANTS FOR ALGEBRAIC VARIETIES 

In this section, we assume that R is complete, and that the residue field k of R 
is perfect. 

Definition 5.1 (Motivic Serre invariant). Let X be a smoothly bounded rigid K- 
variety, and let (X, h) be a weak Neron model for X . We define the motivic Serre 
invariant S{X) of X by 

S{X) = [Xs\ eK^{Vark)/{l.-l) 

This invariant only depends on X , and not on the choice of a weak Neron model. 

If Y is a smoothly bounded K -variety, then the associated rigid K-variety Y"'" 
is smoothly bounded by Proposition^^ so S'(F°") is well-defined, and we put 

SiY) = e Ko(Vark)/(h - 1) 

The fact that S{X) only depends on X, and not on the choice of a weak Neron 
model was proven in '32, 4.5.3] for X smooth and quasi-compact, using the theory of 
motivic integration on formal schemes, and in [36] 5.11] for X smooth and bounded. 
The proof of [36, 5.11] also applies to the case where X is smoothly bounded. Note 
that Six) ^ iiX{K^'') = 0, and more generally, S{X) = S{X') if X is a bounded 
open rigid subvariety of X such that XiK"^) = X'iK"'''). 

Lemma 5.2. Let L be a discretely valued field, with perfect residue field k, and let 
K be its completion. If X is a smooth and bounded L-variety, and (Y, f) is a weak 
Neron model for X , then 

S{X XlK) = [Ys] e Ko{Vart,)l{l. - 1) 

In particular, this value only depends on X x^K and not on the chosen weak Neron 
model. 



Proof. This follows immediately from Lemma 14.91 



□ 
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Lemma 5.3. Let X be a smooth and bounded K-variety, and A a closed subvariety 
of X , smooth over K . Denote by h : X' X the blow-up of X at A, and by E the 
exceptional divisor h^^(A). Then 

S{X') - S{E) = S{X) - S{A) 

m Ko{Vark)/ih-l). 

Proof Let {{Y, B), f) be a weak Neron model for {X, A). By LemmaO S{X) = 
%] and S{A) = [Bs] in KoiVark)/OL - 1). Denote hy h:Y' the blow-up of 
Y at B, and hy F — h^^{B) the exceptional divisor. Since B is smooth over R, 
Y' and F are also smooth over R. Moreover, since blowing up commutes with flat 
base change, the isomorphism 

f ■.{Yk,Bk)^{X,A) 

induces an isomorphism 

f:{Yl,,FK)^iX\E) 

We'll show that {{Y', F),f') is a weak Neron model for {X', E). Wc only have 
to prove that any iir'*''-valued point x on Y^ extends to a section in Y'{R''^). Since 
{Y,B) is a weak Neron model for {X,A), the point h{x) G Yfc{K^^) extends to a 
section a in But h is proper, so x itself extends to a section in Y'{R^''^). 

This implies that S{X') = [F/] and S{E) = [Fs], and since h restricts to an 
isomorphism Y' — F ^ Y — B, wc have [Y^] — [Fg] = [Yg] — [Bs] in Ko{Vark), so 
the result follows. □ 

Theorem 5.4. Assume that K has characteristic zero. There exists a unique ring 
morphism 

S:MK^MVark)l{l.-l) 
such that S{[X\) = S{X) for any smooth and proper K-variety X. It satisfies 
S{[X\) = S{X) for any smoothly bounded K-variety X , and S{h — 1) = 0. 

Proof. By Theorem 12.31 and Lemma 15.31 there exists a unique morphism of abelian 
groups 

S : KoiVarK) Ko{Vark)/{h - 1) 

such that — S{X) for any smooth and proper if -variety X. By LemmalLTOl 

and the fact that the analytification functor (•)'^" commutes with fiber products, S 
is a morphism of rings. We have 

5(L) = S{P]^) - S{SpecK) = L = 1 

in Ko{Vark)/ — 1), so S localizes to a ring morphism on A4k and 5(L — 1) = 0. 
It remains to show that = S{X) if X is smoothly bounded. We proceed by 

induction on the dimension of X. 

If X has dimension 0, then X is proper and smooth over K, so S'([X]) = S{X) 
by definition. Suppose that dim{X) > 0. Since K has characteristic zero and X 
is reduced, the ii'-smooth locus Sm{X) of X is open and dense in X. But X is 
smoothly bounded, so {X — Sm{X)){K'^^) is empty (and in particular, X — Sm{X) 
is smoothly bounded). Since 

dim{X - Sm{X)) < dim{X) 

we know that S{[X — Sm{X)]) = S{X — Sm{X)) = by the induction hypothesis. 
By additivity, 5'([X]) = S{[Sm{X)]), so we may assume that X is smooth over K. 
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We embed X as a dense open subscheme in a smooth proper variety X, 
and we denote the boundary X — X hy dX. Since X is bounded, we know that 
dX{K^^) = 0, by Proposition HH Again by our induction hypothesis, this imphes 
that S{[dX]) = 0, so 

s{[x]) = sm) - S{X) = S{X) 

as required. □ 

Definition 5.5 (Motivic Serre invariant of an algebraic variety). Assume that K 
has characteristic zero. For any separated K-scheme of finite type X , we define the 
motivic Serre invariant S{X) of X as the image of [X] under the morphism 

S : KoiVarK) ^ Ko{Vark)/il. - 1) 

Example 5.6. If X is the cusp Spec K[x,y]/{x'^ — y^), then is not bounded, 
so X"" does not admit a weak Neron model (and neither does X). However, we 
can break up X into the disjoint union of the origin O and its complement 

Y = SvecK[x,x-\v,y-^]/{x^ ~V^) 

Since Y is isomorphic to the torus Gm.K, we get S{X) = 1 in Ko{Vark)/{I^ — 1). 
Alternatively, we can use the fact that the normalization of Y is isomorphic to A}^ 
and that the inverse image of the singular point in this normalization consists of a 
unique K -point. 

Example 5.7. Let X be a rational projective curve with 5 nodes, and no other 
singularities, and suppose that all the nodes and their tangent directions are rational 
over K . Then the normalization X is isomorphic to P^, and over each node of X 
lie exactly 2 points of X , which are K -rational. Hence, 

S{X) -6 = S{X) - 2S 

whence S{X) = 2-5 m KQ{Vark)/{l. - 1). 

Lemma 5.8. Assume that K has characteristic zero, and let X be a variety over 
K. If X{K^^) = 0, then S{X) = 0, and if k = and X{K) is finite, then 

s{x) = mK). 

Proof. By additivity, it suffices to prove the result when X{K^'''-) = 0. Then X is 
smoothly bounded, so S{X) = But = since the empty formal 

scheme is a weak Neron model for X"". □ 

6. The trace formula 

In this section, we assume that R is complete and k algebraically closed, and 
we fix a prime number £ invertible in k. For each integer (i > prime to the 
characteristic exponent p of fc, we denote by K{d) the unique extension of degree 
d of X in a fixed separable closure K'^ . We denote by the tame closure of K in 
K". 

For any pro-finite group H, we denote by RepniQe) the abelian tensor category 
of £-adic representations of H (i.e. finite dimensional Q^-vector spaces endowed 
with a continuous left action of H) and by Ko{RepH{Qe)) its Grothendieck ring. 
For each element h of H, we consider the unique ring morphism 

Tr,, : KoiRepHiQe)) Qe 
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mapping [M] to Trace{h \ M) for any £-adic representation AI of H. 

Denote by Gk the monodromy group G{K^ / K). Consider the etale reahzation 
morphism 

et : KoiVarK) ^ Ko{RepG^{Qe)) 

from Section BTT] 

If we denote by the tame monodromy group G{K*/K), then there is a 
natural surjective morphism Gk G^j^ whose kernel is the wild inertia group P. 
This morphism induces a canonical morphism of rings 

KoiRepa^JQe)) ^ KoiRepa^iQe)) 

Since P is a pro-p-group and i is prime to p, the functor 

i- f ■■ RepG^-iQi) ^ RepG^JQi) 

is exact, so it defines a morphism of abelian groups 

{■f : KoiRepG^Qi)) ^ KoiRepa^JQi)) 

which is left inverse to 

KoiRepG]^iQi)) ^ KoiRepG^iQe)) 
Hence, the latter morphism is injective, and we may identify Ko^RepGt^iQi)) with 
its image in Ko{RepGK{Qe))- Then an element a of KoiRepG^iQi)) belongs to 
KoiRepG^JQi)) iff {a)P=a. 

Definition 6.1 (Tame varieties). If X is a smooth and proper K-variety, then 
we say that X is tame if there exists a regular proper R-variety Y such that Ys is 
a tame strict normal crossings divisor (i.e. the multiplicity of each component is 
prime to p) and such that Yk is isomorphic to X . Such a model Y will be called a 
tame R-model for X. 

The tame Grothendieck ring of varieties over K is the subring KQ{VarK) of 
KoiVarK) generated by the isomorphism classes [X] of tame smooth proper K- 
varieties X . 

Of course, if k has characteristic zero, then any smooth and proper variety is 
tame, and K^{VarK) = K^iVarK)- 

Lemma 6.2. The image of the etale realization morphism 
et : KliVarK) ^ Ko{RepGA'^d) 
is contained in KoiRepG^ (Qe))- If X is a K-variety such that [X] belongs to 
K^{VarK), then 

et{X)^Y.^-mHl{X-KKK\Q,)] 

i>0 

m KoiRepG^JQi)). 

Proof. If X is a tame, smooth and proper if-variety, and y is a tame i?-model for 
X, then by [321 2.23], the £-adic nearby cycles complex Rtpr^lQi) of Y is tame, i.e. 
P acts trivially on i?*-0^(Qf) for each i > 0. By the spectral sequence [1] 1.2.2.3] 
this implies that P acts trivially on K'',Qi), for each i > 0. Since the 

isomorphism classes of tame smooth and proper if- varieties X generate the subring 
KQ(VarK) of Ko(VarK)-, we see that the image of etale realization morphism 

et : K^iVarK) ^ Ko{RepG^{Qt)) 
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is contained in Ko{RepQt^{Qi)). 

Since £ is invertible in fc, and P is a pro-p-group, there is a canonical isomorphism 

for any i^'-variety X and each i > 0. Hence, 

i>0 

in Ko{RepG^:^{'Q£))- If [X] belongs to Kl{VarK) then et{X)P = et{X) by the first 
part of the proof, and we are done. □ 

Proposition 6.3 (Trace formula for tame varieties). Let (p be a topological genera- 
tor of the tame monodromy group G^. If X is a tame smooth and proper K -variety, 
then 

XtopiSiX XK K{d))) = rrace(/ | H{X Xk K\Qi)) 
for each integer d > prime to p. 

Proof. This follows immediately from the trace formula in [37l 5.4] and the com- 
parison theorem for etale cohomology [B] 7.5.4]. See also ITT, 5.4] for an explicit 
expression in terms of a tame i?- model oi X . □ 

Theorem 6.4 (Trace formula). Assume that K has characteristic zero. If d > 
is an integer prime to p and if is a topological generator of the tame Galois group 
G^fC(d) ~ ^(^*/^('^))' then the following diagram of ring morphisms commutes: 

K'oiVarK) > Ko{VarKid)) ^ Ko{Vark)/ih - 1) 

Xtop 

KoiRepGf^^iQi)) > 

(the upper left horizontal morphism is the natural base change morphism) . In par- 
ticular, for any K-variety X such that [X] belongs to KQ{VarK), we have 

Xtop{S{X XKK{d)))^Trace{ip''\H,{X Xk K\Qi)) 

Proof. Since the classes [X] of tame smooth proper i^T-varieties generate KQ{Varx), 
this follows from Proposition 16.31 and Lemma [6.21 □ 

Corollary 6.5. If k has characteristic zero, then for any K-variety X, 

Xtop{S{X))^Trace{ip\H,{X XnK'^Qe)) 

Corollary 6.6. If k has characteristic zero, and if X is a K-variety, then X has 
a rational point iff there exists a subvariety U of X such that 

Trace{ip\H{U XKK^^Qe)) ^ 

Proof. The "if" part follows from Lemma 15.81 and Corollary 16.51 For the converse 
implication we can take for U a rational point on X . □ 

There are examples of (non-tame) smooth and proper if-varieties X such that 

Xtop{S{X)) ^ Traceiip \ H,{X Xk K\Q,)) 

The following elementary example was given in [37l § 5] : let R be the ring of Witt 
vectors WiV^) over the algebraic closure of a finite field Fp of characteristic p, and 
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put X = Spec [T]/(r^' ^ p)- Then X is smooth and proper over K, and since 
X(K) = 0, we have S{X) = 0. On the other hand, H\X x k K\ Q() = for i > 0, 
and H^{X K^,Qe) is isomorphic to Qi with the trivial G^-action, so that 

Trace{ip \ H{X x k K\ Q^)) = 1 

Of course, it would be very interesting to obtain a cohomological interpretation 
of Xtop{S{Xy) in terms of et{X) if X is not tame, already in the case where X 
is smooth and proper over K . We will see below that this is not always possible 
(Proposition 17. 7|) . 

Definition 6.7 (Error term). Let (p be a topological generator of the tame Galois 
group G^. If X is any smooth and proper K -variety, we put 

e{X) - Traceiifi \ H{X xk K\ Q,)) - xtop{S{X)) 

We say that the trace formula holds for X iff e{X) — 0. 

In particular, by Corollarv l6.51 the trace formula holds for any iiT- variety X ii k 
has characteristic zero. 

7. Trace formula for curves 

In this section, we assume that R is complete and k is algebraically closed. We 
fix a prime ^ invertible in k. We denote by (/? a topological generator of the tame 
Galois group G{K*- /K), and by P C G{K^ /K) the wild inertia group. 

Definition 7.1 (Cohomological tamencss). If X is a K -variety, we say that X is 
cohomologically tame if P acts trivially on H^X x ^ K'^,'Qe) for each i >0. 

If X is a tame smooth proper ii'-variety, then X is cohomologically tame (cf. 
proof of Lemma r6.2p . We will study the validity of the trace formula for smooth, 
proper, geometrically connected curves over K, and we will see that there are 
remarkable connections with T. Saito's criterion for cohomological tameness |41] . 

7.1. A general result for curves. If F is a regular i?- variety and Yg is a normal 
crossings divisor, we denote the irreducible components of (Ys)red Ei, i ^ I , and 
we denote by Ni the multiplicity of Ei in Yg. We write Ys = J2iei ^i-^i usual. 
For each i G I, we put 

and we denote by Sm{E°) its fc-sniooth locus. If Yg has strict normal crossings, 
then Sm{Ef) = Ef. 

Definition 7.2 (Wild locus). Let Y be a regular R-variety such that Yg is a normal 
crossings divisor. If k has characteristic p > 0, then we define the wild locus Wy 
of Y as the disjoint union of the subvarieties Sm{E°) of Y with Ni = p'^^ for some 
Ci > 0. If k has characteristic zero, we put Wy = 0- 

Theorem 7.3. Let X be a smooth and proper curve over K , and let Y be a regular 
R-model for X such that Ys has strict normal crossings. Then 

e{X) ^ XtopiWy) 
so the trace formula holds for X iff Xtop{Wy) = 0. 
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Proof. If 2/ is a closed point of Yg , then the computation of the tame nearby cycles 
in [U 1.3.3] shows that 



Moreover, by [H 3.3], the complex i?-0*(Qf) is tamely constructible (in the sense of 
[55]). so [33 6.3] apphes and 

Traceiip \ H{X Xk K\ Q,)) = Trace{ip \ m{Y,, R^bl^iQ^))) 

= Xtop{Sm{Ys)) + Xtop (Wy) 

Since Y is regular, Sm{Y) is a weak Neron model for X (cf. remark following [T31 
3.1.2]) so XtopiS{X)) = xtopiSmiYs)). □ 

7.2. Curves of genus ^ 1. 

Theorem 7.4. Let X be a proper smooth geometrically connected curve over K of 
genus g ^ 1, and assume that X is cohomologically tame. Then the trace formula 
holds for X . 

Proof. In view of Corollary 16.51 we may suppose that k has characteristic p > 0. 
Let y be a relatively minimal regular i?-model with normal crossings of X (RMN- 
model in the terminology of [411 3.1.1]), with Yg = Yliei ^i- Then by Saito's 
criterion [HI 3.11], the fact that X is cohomologically tame implies that E° is 
smooth and xtop{E°) = if p divides Ni, so Xtop{WY) = and we may conclude 
by Theorem [731 □ 

7.3. Elliptic curves. 

Theorem 7.5. Let X be an elliptic curve over K . 

• X has multiplicative reduction iff S{X) ~ 

• X has additive reduction iff S{X) G {1,2,3,4}. In this case, S{X) — n, 
with n the number of connected components of the special fiber of the Neron 
minimal model of X . More precisely: 



S{X) = I iff X is of type II or IT; 
S{X) = 2 iff S{X) is of type III or III*; 
S{X) = 3 iff X is of type IV or IV*; 
S{X)=^iffXis oftypeIt,v>Q. 
• X has good reduction X iff S{X) ^ {0,1,2,3,4}, and in this case, S{X) ~ 



In particular, Xtop{S{X)) — iff X has semi-stable reduction. Moreover, the trace 
formula holds for X iff we're in one of the following situations: 

• X is cohomologically tame, 

• p ^ 2 and X is of type III or III* . 

Proof. By definition, S{X) = [As] in Ko{Vark) / (h — l) where A is the Neron model 
of X. It follows immediately that S{X) = ii X has multiplicative reduction, 
S{X) = [X] if X has good reduction X and S{X) ~ n if X has additive reduction, 
with n the number of connected components of As. The values for n can be read 
from the Kodaira-Neron reduction table (see e.g. IV.9]). We only have to 

check that [X] ^ {0,1,2,3,4} C Ko{Vark)/il. ~ I) if X has good reduction X. 




[X] 
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However, for any elliptic curve E over fc, its Poincare polynomial P{E; T) is equal 
to 1 + 2T + which is not congruent to any integer modulo P(L — 1; T) = — 1. 

By Theorem 17.31 Saito's criterion 41, 3.11] and direct computation on the re- 
duction table, we see that the trace formula holds for X iff we're in one of the two 
cases described in the statement (for a more precise analysis, see below). □ 

Let us investigate the cases where X is not cohomologically tame. By Saito's 
criterion [HI 3.11] this happens exactly in the following situations: 

(1) k has characteristic 2, and X has type //, //*, III, III*, or I*, i' >0. 

(2) k has characteristic 3, and X has type //, //*, IV or IV*. 

Using the expression for e{X) in Theorem 17.31 we can read the following values 
from the reduction table: 

(1) Suppose that k has characteristic 2. li X has type // or //*, then e{X) = 1. 
If X has type /// or ///*, then e{X) = and the trace formula holds. If 
X has type I^, i^>0, then e{X) -2. 

(2) Suppose that k has characteristic 3. If X has type // or //* then e{X) = 1. 
If X has type IV or IV* then e{X) = -1. 

Remark. It seems reasonable to expect that the trace formula holds for all coho- 
mologically tame abelian varieties A. If k has characteristic zero, this follows from 
Corollary 16. 51 If k has positive characterstic, the trace formula holds if A does not 
have purely additive reduction, and also if A is the Jacobian of a curve. Details 
and further results will appear in a forthcoming paper. □ 

7.4. Curves of genus 1 without rational point. Finally, we discuss the case of 
curves of genus 1 without rational point. Let X be a smooth, proper, geometrically 
connected -?C-curve of genus 1. Then its Jacobian Jac(X) is an elliptic curve. If 
we denote by m(X) the order of the torsor X in the group II^{K, Jac{X)), then 
the reduction type of X is equal to m(X) times the reduction type of Jac{X), by 
[30|, 6.6] (i.e. the multiplicities of the components of the reduction are multiplied 
by m{X)). 

Theorem 7.6. let X be a smooth, proper, geometrically connected K-curve of 
genus 1, and assume that X{K) is empty. Then S{X) — 0, and 

e{X) = xtop{S{Jac{X))) + e{Jac{X)) 

The trace formula holds for X iff 

1. k has characteristic 0, or 

2. k has characteristic p > and Jac{X) has semi-stable reduction. 

Proof. The fact that X{K) is empty implies that S{X) = 0, since the empty scheme 
is a weak Neron model for X. Moreover, there exists a canonical G^-equivariant 
isomorphism 

H{X XKK\Qe) = H{Jac{X) XKK^Qe) 

so that 

Trace{ip\H{X Xk K^Qi)) = Trace{tp\ H{Jac{X) XkK^Qi)) 

and 

e{X) = xtop{S{Jac{X))) + e{Jac{X)) 
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Hence, the trace formula holds for X iff 

Xtop{S{Jac{X))) + e{Jac{X)) = 

We know from Corollarv l6 . SI that the trace formula holds for X lik has characteristic 
zero, so assume that k has characteristic p > Q. The computations in Section 17.51 
show that 

Xtop{S{Jac{X))) + e{Jac{X)) = 
iff Jac{X) has semi-stable reduction. □ 

Proposition 7.7. IJ k has characteristic p > 0, then there exists a smooth, proper, 
geometrically connected curve X over K of genus 1 such that X is cohomologically 
tame and such that the trace formula does not hold for X . 

Proof. Choose a cohomologically tame elliptic curve E over K such that E has 
additive reduction. This is possible for any value of p, by Saito's citerion [JTJ 3.11]. 
Since k is algebraically closed and K is complete, we have H^{K, E) ^ (as noted 
in [301 6.7] this follows from the results in [5] in the mixed characteristic case, and 
from those in [S] in the equicharacteristic case). Any non-zero element in H^{K, E) 
corresponds to a smooth, proper, geometrically connected curve X over K of genus 
1 without rational point, whose Jacobian is isomorphic to E. By the existence of a 
Gif -equivariant isomorphism 

H{X Xk K',Qe) = H{E Xk K',Qi) 

we know that X is cohomologically tame. Since the trace formula holds for E, by 
Theorem 17.51 we see that the trace formula holds for X iff 

XtopiSiX)) = Xtop{S{E)) 

However, the left hand side vanishes, while the right hand side is non-zero by 
Theorem [731 □ 

The example shows that Xtop{S{X)) can, in general, not be computed from the 
etale realization et{X) (nor even from the Chow motive with rational coefficients 
M{X) of X) since X and Jac{X) have the same etale realization (and isomorphic 
Chow motives [321 3.3]). We will see below (proof of Proposition 17. 9p that, even if 
k has characteristic zero, S{X) can in general not be computed from M{X) (even 
though xtop{S{Xy) can be computed from et{X) by the trace formula in Corollary 

Over a finite field F^, the situation of Proposition 17.71 does not occur: every 
smooth, proper, geometrically connected curve X of genus 1 over Fg admits a 
rational point, since H^{¥q,E) — for every elliptic curve E over F^. This result 
can be interpreted as a consequence of Grothcndieck's trace formula: if X is a 
i?-torsor then et{X) — et{E), so since E has a rational point the same holds for X. 

Playing with these ideas, we recover the following classical result. 

Proposition 7.8. Let E be an elliptic curve over K with additive reduction. 

(1) If k has characteristic zero, then H^[K,E) = 0. 

(2) // k has characteristic p > Q, then H^{K, E) is a p-group. 

Proof. 1. We know that the trace formula holds if k has characteristic zero, by 
CoroUarv 16.51 Since for any _B-torsor X, et{X) = et{E), and Xtop{S{E)) ^ 0, we 
conclude that S{X) ^ 0, so X has a rational point. 
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2. Assume that H^{K, E) contains an element whose order m is not a power of 
p. It corresponds to a smooth, proper, geometricaUy connected curve X of genus 1, 
with Jac{X) = E. Since the reduction type of X is equal to m times the reduction 
type of E [30j 6.6], we see that the trace formula holds for X, by Theorem l7.3i since 
the wild locus of the minimal regular model with normal crossings is empty. This 
contradicts Theorem 17.61 (For a more direct proof: Tr{(p \ H{X if*,Qf)) = 
by the computation in the proof of Theorem 1 7. 3( a similar computation shows that 
Tr{ip I H{E Xk K\ Q^)) ^ 0, which is a contradiction.) □ 

Proposition 7.9. Assume that K has characteristic zero. The natural ring mor- 
phisms 

X'" : KoiVarK) ^ KoiMofjlf) 
X : MK^KoiMotK) 
from Section \2.3\ are both non-injective. 

Proof. Let E be an elliptic curve over K with good reduction, and let X be a 
non-trivial £'-torsor. Such a torsor X exists since H^{K,E) ^ by [45]. We have 
X^^HE) = X^^HX) by 42, 3.3], but S{E) ^ by Theorem O while S{X) = 
since X has no rational point. The ring morphism 

S:MK^Ko{Vark)/ih-l) 

from Theorem maps [X] and [E] to S{X), resp. S{E), so [E] 7^ [X] ihMk- □ 

Proposition 7.10. Assume that K has characteristic zero. If A is an abelian 
variety over K with good reduction, then [A\ is a zero divisor in KolVarx) , in 
Mk, and in Ka{VarK)/{l^ - 1). 

Proof, let X be a non-trivial A-torsor. Such a torsor X exists since H^{K, A) 
by [^. Then S{X) = and S{A) = [A] e Kq{V ark) /{L-1), with A the reduction 
of A. Since the Poincarc polynomial P{A; T) is not divisible by P(L — 1) = — 1 
we see that S{A) ^ and therefore \A\ ^ \X\ in K^iyarK)!^ — !)• However, 
A Xk A and X Xk A are isomorphic over K and hence {[A\ — [X]) ■ [A] = in 
K^iVarK). □ 

It is shown in [3TJ 5.11] that, more generally, [A\ is a zero-divisor in KQ{Vark) 
if fc is a field of characteristic zero and A is an abelian variety over k such that 
H^{k,A) ^ 0, but their proof doesn't extend to A4k- 

7.5. The local case. Following [4l], we can also state a local variant of Theorem 
17.41 The category of special formal i?-schemes is defined as in [35] 2.2]. The generic 
fiber X,, of a special formal i?-schcme X is a bounded rigid if- variety, by |361 5.8]. 
We denote by Xq the reduction of X, i.e. the closed subscheme defined by the 
largest ideal of definition on X. 

Theorem 7.11 (Local case). Let X be a normal flat R-variety of pure relative 
dimension 1, and let x be a closed point of Xs such that X — {x} is smooth over 
R. Denote by the generic fiber of the special formal R-scheme Spf Ox,x- If P 
acts trivially on H^{.^x:XkK'' tQi)? then 

XtopiSi^x)) = Trace{ip \ H{.^,XkK\ Qi)) - Trace{ip \ Ri'liQey.) 
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Note that S{^x) is well-defined since is a bounded and smooth rigid K- 
variety. Following the terminology in [37l [35] , we call the analytic Milnor fiber 
of X at X. 

Proof. The second equality follows from fT', 3.5]. By [41] 4.12] there exists a proper 
morphism h : Y X of i?-varieties such that Hk ■ Yr Xk is an isomorphism, 
Y is regular, Ys — X^ie/ ^i^i is a strict normal crossings divisor, and 

Xtop{WYf^h'\x)) = Q 

If we denote by 3 the formal completion of Y along /i^^(x), then h induces an 
isomorphism — ^x because h is proper. 

Since Y is regular, it follows from 3.1.2] that 5r7i(3) ^ 3 is a special Neron 
smoothening (in the sense of [SSJ 4.11]) and we see from [5S1 4.14] that 

Xtop{S{^x)) = Xtop{SmO)o) - ^ '^"'(^)) 

Ni = l 

Moreover, there is a canonical G'(ii'*/-f^)-equivariant isomorphism 

by the comparison results in 7, 3.5]. Now the arguments in the proof of Theorem 
17.31 show that 

Xtop{S{^x)) = Trace{^ \ H{.^x^kK\ Q,)) 

□ 

Theorem 7.12. Let X he a flat, proper, normal R-variety of pure relative dimen- 
sion! such that X ^ Sm{X) is a finite set of points, and such that thel-adic nearby 
cycles of X are tame. Then the trace formula holds for Xk ■ 

Proof. By [41, 4.12] there exists a proper morphism h -.Y ^ X oi i?- varieties such 
that Hk ■ Yk Xk is an isomorphism, Y is regular, Ys = X^ie/ ^i^i is a- strict 
normal crossings divisor, and Xtop(WV) = 0. Now the result follows from Theorem 
[7:31 □ 

8. Appendix: the Poincare polynomial 

Let k be any field. It is, in general, a non-trivial problem to decide whether 
the classes of two fc-varieties X, Y in i^o(Farj.) are distinct. (Larsen and Lunts 
formulated the following question in does [X] = \Y] in KQ{Var]~) imply that 
X and Y are piecewise isomorphic? See [JT] for results in this direction.) 

To distinguish elements in KQlVark)., it is important to know some "computable" 
realization morphisms on KQiVark). If k has characteristic zero, we've encountered 
many of these in the preceding sections, but in positive characteristic, we're less 
equiped. In this section, we'll show how the so-called Poincare polynomial can be 
defined over arbitrary base fields by means of a standard spreading out technique. 

We recall the following notation: for any field fc, any prime t invertible in k, and 
any separated A;-scheme of finite type X, we denote by hi{X) the i-th ^-adic Betti 
number of X : 

h{X) = AmiW{X Xkk'Mi) 
It is known that this value is independent of t in the following cases: 

• k has characteristic zero (by comparison with singular cohomology) 
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• k has characteristic p > and X is smooth and proper over k (if k is finite 
this foUows from the cohomological expression for the zeta function and 
purity of weight [271 p. 27]; the general case follows by spreading out to 
reduce to a finite base field). 
To be precise, bi(X) not only depends on the scheme X but also on the base field k; if 
we want to make this explicit, we write bi{f) instead of bi{X), with f : X Spec k 
the structural morphism. 

8.1. Characteristic zero. If fc is a field of characteristic zero, there exists a unique 
ring morphism P : KQ{Vark) TL\T\ mapping the class \X\ of a smooth and proper 
/c- variety to the polynomial 

P{X;T) = ^{-1)%{X)T' 

i>0 

Uniqueness and existence follow from Theorem 12.31 The morphism P can also be 
obtained by composing the Hodge-Deligne realization HD with the ring morphism 

Z[w, w] —> Z[T] : a{u,v) a{T,T) 

For any element a of Ko{Vark), we call P{a) the Poincare polynomial of a; for 
any separated fc-scheme of finite type Y, we put P{Y; T) = P{[Y]) and we call this 
element of Z[T] the Poincare polynomial of Y. Then P{Y; T) = HD(Y; T, T), and 
P(Y; 1) = HD{Y; 1, 1) is the Euler characteristic Xtop{Y) of Y. 

If we write 

then l3i{Y) is known as the i-th virtual Betti number oi Y. If F is proper and 
smooth, then Pi{Y) — bi{Y). Note that, in general, Pi{Y) can be negative: for 
instance, 

P(G„,fc; T) = PiFl; T) - P({0}; T) - F({oo}; T) = T^-l 

For fc = C, 

A(^) = E(-l)'^'d™Grf i/^(r(C),Q) 

The invariants P{Y\T) and PiiY) not only depend on the scheme Y but also 
on the base field fc; if we want to make this explicit, we'll write P{f;T) and Pi{f), 
with / : y — > Spec k the structural morphism. 

8.2. Finite base field. We can also define a Poincare polynomial for a finite base 
field fc, using Deligne's theory of weights. Denote by q the cardinality of fc. Recall 
that, for any integer w > 0, a Weil number of weight w (w.r.t. q) is an algebraic 
integer a such that \i{a)\ — g™/^ for each embedding i : Q{a) ^ C. A fundamental 
result by Dehgne [HI 3.3.4] says the following: if X is a separated fc-scheme of finite 
type, and £ a prime invertible in fc, then for any integer i > 0, each eigenvalue a 
of the geometric Frobenius on Hl{X fc^,Q^) is a Weil number, and its weight 
w{a) is contained in {0, . . . Moreover, if X is proper and smooth over fc, then 
w{a) = i ("purity of weight" [H 3.3.5]). 

Definition 8.1. Assume that fc is finite. For any separated k-scheme of finite type 
X and each pair of integers i,j > 0, we define Pf{X) as the number of weight i 
eigenvalues (counted with multiplicities) of the geometric Frobenius on H^(X Xk 
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k^^Qi). We put l3t{X) = Ej>o(~l)''^-'/3f (^)^ ^"'^ ™e call this integer the i-th 
virtual Betti number of X . We define the Poincare polynomial P{X;T) of X by 

The virtual Betti numbers f3i{X), and hence the Poincare polynomial P{X;T), 
are independent of £ : as noted in [571 P-28(2b)], (— is the degree of 
the "weight i part" of the zeta function of X (beware that Katz' definition of 
virtual Betti number differs from ours by a factor (—1)*). By purity of weight, 
bi{X) = Pl{X) = Pi{X) if X is proper and smooth over k. The invariants P{X] T) 
and j3i{X) not only depend on the scheme X, but also on the base field k. If we 
want to make the base field explicit, we'll write P{f;T) and f3i{f) instead, with 
/ : X — > Spec k the structural morphism. 

Lemma 8.2 (Additivity and multiplicativity). Assume that k is finite. There 
exists a unique ring morphism 

P : KoiVark) ^ Z[T] 
which maps the class [X] of any k-variety X to the Poincare polynomial P{X; T). 

Proof. Uniqueness is obvious. Well-definedness and additivity follow immediately 
from the excision long exact sequence; multiplicativity from the Kiinncth formula. 
Alternatively, P{X;T) can be computed from the etale realization et{X). □ 

As noted above, the Poincare polynomial still has the property 
F(X;T) = ^(-l)*6,(X)r 

i>0 

for any proper and smooth fc-variety X, by purity of weight; however, it is not clear 
if this property uniquely defines the morphism P : KgiVark) — > Z,[T] (unless we 
assume the existence of resolution of singularities for fc-varieties). 

8.3. Base field of characteristic p > 0. Let AT be a Noetherian scheme, and let 
S be a set. We denote by X° the set of closed points of X. We say that a function 
a : X° B is constructible, if there exists a stratification of X into locally closed 
subsets, such that a is constant on 5 fl X° for each member S of S^. Likewise, we 
say that a function b : X ^ B is constructible if there exists a stratification 3^ of 
X into locally closed subsets, such that b is constant on T for each member T of 
3^. We denote by C{X,B), resp. C{X°,B), the ring of constructible functions on 
X, resp. X°, with values in B. 

If X is a Jacobson scheme (e.g. of finite type over a field, or over Z) then any 
constructible function a : X° —>■ B extends uniquely to a constructible function 
a : X B. 

Proposition 8.3. Let k be a finite field. For any separated k-scheme of finite type 
X , there exists a unique ring morphism 

P:Ko{Varx)^CiX,Z[T]) 

such that P([Y])(x) = P{fx] T) for every separated morphism of finite type f : Y 
X and every closed point x of X. Here fx '. Y Xx x —> Specfc(a;) is the morphism 
obtained from f by base change. 
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If g : X' ^ X is a morphism of separated k-schemes of finite type, then the 
diagram 

KoiVarx) > Ko(Varx') 



C{X,Z[T]) C{X\Z[T]) 
commutes (the horizontal arrows are the natural base change morphisms). 

Proof. Uniqueness of P is obvious, since an element of C{X, Z[T]) is determined by 
its values on X°. To prove its existence, first note that the function x i-^ P{fx]T) 
is constructible on X° since the sheaves R^f\{<Qi) are mixed [IHl 3.3.1]. Hence, 
this function extends uniquely to a function P(f;T) in C(X, Z[T]). The invariant 
P(- ;T) satisfies the scissor relations in Ko{Varx) ■ since the property of being a 
closed (resp. open) immersion is stable under base change, we can reduce to the 
case where X is a point, which was proven in Lemma 18.21 

Commutativity of the base change diagram is also immediately reduced to the 
case where X and X' are points; this case is clear from the definition of the virtual 
Betti numbers. □ 

Corollary 8.4. Let k be any field of characteristic p > 0. Using the notation in 
Section \2.4\ there exists a unique ring morphism 

P : KoiVark) -> Z[T] 

such that, for any object A of £/k o,nd any separated A-scheme of finite type f : 
X -> Spec A, 

(Po0)([X]) = P(/;r)(77) eZ[T] 
where rj is the generic point o/ Spec A. 



Proof. This follows from Proposition l2.9l and Proposition 18. 31 □ 

Definition 8.5. For any field k of characteristic p > and any separated k-scheme 
of finite type X, we define the Poincare polynomial P{X;T) of X as the image of 
[X] under the ring morphism 

P : KoiVark) ^ Z[T] 

Writing 

P(X;T) = ^(-iyA(X)r 

i>0 

we call Pi{X) G Z the i-th virtual Betti number of X . 

If we want to make the base field explicit, we write P{f;T) and Pi{f), with 
/ : X — > Spec k the structural morphism. 

Note that the definition of P{X;T) and l3i{X) does not require the choice of a 
prime £ (since the definition over finite fields is independent of £) . 

Remark. We should point out that, if k is finitely generated, the Poincare poly- 
nomial can also be realized as the composition of the realization 




fik : KoiVark) ^ KoiRepGM)[T] : W ^ > J > (-1)^0^ H^iX fc^Q,)] T 
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from [34j with the forgetful ring morphism 

KoiRepoMT] ^ Ko{Qi)[T] ^ Z[T] 



□ 



8.4. Arbitrary base field. 

Proposition 8.6. For any field k and any separated k-scheme of finite type X, 



Proof. If k has characteristic zero, this follows from the fact that the equality 
holds for smooth and proper fc-varieties, since their isomorphism classes generate 
A'o(yarfe) by Hironaka's resolution of singularities. If k is finite, it follows imme- 
diately from the definition. If k is any field of characteristic p > 0, it follows from 
the finite field case and the fact that for any object A £ s^k and any separated 
morphism of finite type f : X —f Spec the function 

Specyl -^Z:x^ Xtop{X XspccA x) 

is constructible, by constructibility of the sheaves R^f\{Qe) and proper base change 



Proposition 8.7. Let k be any field, and X a separated k-scheme of finite type, of 
dimension n. Then the Poincare polynomial P{X;T) has degree 2n, and the coeffi- 
cient l32n{X) ofT^"" is equal to the number of irreducible components of dimension 
n of X Xk k". 

Proof. We may assume that X is reduced. Passing to a finite separable extension 
of k, we may assume that the irreducible components of X are geometrically ir- 
reducible. Now we proceed by induction on n. li n = 0, then the statement is 
clear, so assume that we have proven the result for varieties of dimension < n over 
any field. Then taking away closed subvarieties from X of dimension < n does not 
change the value of f3i{X) for i > 2n, so we may as well assume that the connected 
components of X are geometrically irreducible. By additivity, it suffices to consider 
the case where X itself is geometrically irreducible. 

First, assume that k has characteristic zero. We may suppose that k is alge- 
braically closed. The class [X] of X in Ko{Vark) can be written as the class [Y] 
of a smooth, proper, irreducible fc-variety Y plus a Z-linear combination of classes 
[Zi] of /c-varieties Zi of dimension < n, by Hironaka's resolution of singularities. 
Hence, by the induction hypothesis, the Poincare polynomial of X has degree at 
most 2n, and f32n{X) = b2niY) = 1. 

Now assume that k has characteristic p > 0. There exist an object A E 
and a model X' for X over A; by [231 9.7.7], we may assume that X XspecA x 
is geometrically irreducible for each closed point x of Spec A. By definition of the 
Poincare polynomial, we may suppose that k is finite. Then the Poincare polynomial 
of X has degree at most 2n, and Gr^Hi{X fc*, Q^) vanishes for j ^ 2n, because 
R'fiQe) is mixed of weight < i hy ^ 3.3.1]. Hence, 



Moreover, by |33[ VI(11.3)] there exists a Galois-equivariant isomorphism 



P{X;l)^Xtop{X). 



[331 VI(3.2)]. 



□ 



f32niX) = dim Gr^i72»(X x^ fc^Q,) 



so H^' 



Hl^{X Xkk',Qe)^Qe{-n) 
{X Xfe k'^jQi) has pure weight 2n and (32n{X) = 1. 



□ 
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8.5. Arbitrary base scheme. 

Definition 8.8. For any separated morphism of finite type f : Y —> X in (Sch), 
we denote by P{f;T) the function 

P{f;T):X ^I.[T]:x^P{f^;T) 

where f^ : Y Xx x — )■ Specfc(x) is the morphism obtained by base change. We call 
P{f;T) the Poincare ploynomial off. Writing P{f;T) as 

we call the function (3i{f) : X ^ Z the i-th virtual Betti number of f . 

Lemma 8.9 (Base Change). Let g : X' X be a morphism of schemes, and let 
f : Y —>■ X be a separated morphism of finite type. If we denote by f : Yx xX' —> X 
the morphism obtained from f by base change, then P(f';T) = P{f;T) o g. 

Proof. It suffices to consider tfie case where X — Spec k and X' = Spec k' with 
k C k' fields. If k has characteristic zero, the result follows from the fact that the 
£-adic Betti numbers are invariant under extension of the base field [331 VI(4.3)]. 
If k has characteristic p > 0, it suffices to note that the diagram 

KoiVarA) KgiVark) 

Ko{Vary) Z[T] 

commutes for each object A of i24 (both paths from KQ{VarA) to Z[T] coincide 
with the morphism P{-){r]) with rj the generic point of Spec A). □ 

Proposition 8.10. Let X be a locally Noetherian scheme, and let f : Y ^ X be a 

smooth and proper morphism. Then P{f:T) is locally constant, and for any point 
X of X and any integer i > 0, [3i{f){x) — bi{fx) where fx '. Y Xx x x is the 
morphism obtained from f by base change. 

Proof. By definition, l3i{f){x) = Piifx) for each z > 0. If k{x) has characteristic 
zero, then l3i{fx) = bi{fx) by definition; if k{x) is finite, the same holds by purity 
of weight. If k{x) has characteristic p > 0, we can always find an object A of £/k(x) 
and a smooth and proper ^- model h : Z ^ Spec A for fx by [23l 8.10.5] and [211 
17.7.8]. By definition, P{fx;T) — P{h; T){ri) where r] is the generic point of Spec A. 

For any point y of Spec A, we denote by hy : YxAk{y) — > Spec k{y) the morphism 
obtained by base change, liy is closed, then k{y) is finite, and since h is smooth and 
proper, Pi{h){y) — bi{hy). However, both sides of the equality are constructible as 
functions in y G Spec A : for the left hand side this follows from Proposition l8.31 and 
for the right hand side by applying proper base change to the lisse sheaf i?*ft.*(Qf) 
for any prime £ invertible in k{x) [33, VI(2.3+4.2)]. Hence, 

m.) ^ = b^{K,) = b,{fx) 

(the last equality follows from invariance of £-adic Betti numbers under extension 
of the base field [33l VI(4.3)]). 

Finally, the fact that P{f;T) is locally constant follows from the fact that the 
function x i-^ bi{fx) is locally constant on X : we may assume that there exists 
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a prime i invertible on X, and we apply proper base change to the hsse sheaf 
R'MQe)- □ 

Proposition 8.11 (ConstructibiHty). Let X be a Noetherian scheme. For any 
separated morphism of finite type f :Y ^ X, the map 

P{f;T):X ^Z[T] 

is constructible. 

Proof. By Noetherian induction, it suffices to find a non-empty open subscheme U 
of X such that P{f; T) if constant on U , so we may assume that X is integral and 
affine, say X = SpecB, and that there exists a prime £ invertible on X. By the 
canonical isomorphism {Yred xx x)red = {Y y^x x)red for any point x of X , we may 
suppose that Y is reduced. 

By [231 8.8.2] there exists a finitely generated sub-Z[l/£]-algebra C of B, and a 
reduced separated C-scheme of finite type Y' , such that Y is isomorphic to Y' Xc B 
over B. By Lemma [8791 we may assume that B = C and Y — Y' . Then the sheaves 
R^f\{Qe) are mixed [HI 3.3.1], so there exists a non-empty open subset U of X such 
that P{fx'i T) = P{fy] T) for any pair of closed points x, y on X. By definition of 
the Poincare polynomial, this implies that P{fx\T) = P{fy;T) for any pair of 
points x,y oiU which lie over a closed point of SpecZ[l/£]. 

Hence, we may assume that the generic point rj oi X lies over the generic point 
of SpecZ[l/£]. We proceed by induction on the dimension n oiYri = Y xx rj. 

If Y,-! is empty, then there exists an open neighbourhood y of 77 in X such that 
the fibers of / over V are empty [23l 9.2.6], hence P{f; T) = on V. So assume that 
71 > and that the result has been proven for morphisms for which the dimension 
of the generic fiber is < n. Let / : F — > X be a compactification of the morphism 
/ (i.e. / is proper and there exists a dense open immersion j : Y ^ Y with 
/ = f ° j)- Denote by dY the complement of y in F (with its reduced closed 
subscheme structure). Then dY xx rj has dimension < n, so by the induction 
hypothesis and additivity of the Poincare polynomial, we may as well assume that 
Y = Y ^ i.e. that / is proper. 

Since k{ri) has characteristic zero, and Y^, is reduced, there exists a proper bira- 
tional morphism of fc(?7)-varieties h' : Z' Yrj such that Z' is proper and smooth 
over A;(r/). Shrinking X, we may suppose that h is obtained by base change from a 
proper birational morphism of X-varieties h : Z ^ Y with Z smooth and proper 
over X, by [21 8.8.2-1-9.6.1] and 17.7.11]. Then we can find open subschemes 
U and V oi Z, resp. Y, such that h restricts to an isomorphism U = V, and such 
that {Z — U) Xx rj and {Y ~ V) xx t] have dimension < n. By additivity and 
our induction hypothesis, it suffices to prove the result for the proper and smooth 
morphism Z ^ X; this case was settled in Proposition l8.10l □ 

Theorem 8.12. The Poincare polynomial P{-,T) is the unique invariant which 
associates to every separated morphism of finite type f : Y ^ X in (Sch) a function 
P{f]T) : X — > Z[r] with the following properties: 

(1) ConstructibiHty: If X is Noetherian, then P{f;T) is constructible. 

(2) Base change: If g : X' X is a morphism in (Sch) and f : Y XxX' — > X' 
is the morphism obtained by base change, then 



P{f'-T) = P{f-T)og 
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(3) If X ~ Specfc with k a finite field, then P{f;T) is the Poincare polynomial 
defined in Section \8.2[ 
If X is a Noetherian scheme, then there exists a unique ring morphism 

P{-;T) : KoiVarx) ^CiX,Z[T]) 

such that P{[Y]; T) — P{f] T) for any separated X -scheme of finite type f : Y ^ X . 
If g : X' X is a morphism of Noetherian schemes, then the square 

KoiVarx) > KoiVarx') 



P(-,T) 



P(-,T) 



C{X,1[T]) C{X',Z[T]) 
commutes (the horizontal arrows are the natural base change morphisms). 

Proof. We proved in Lemma [8^ and Proposition lS. Ill that the Poincare polynomial 
satisfies ([T]) and and jS]) is clear by definition. 

Let us show that such an invariant is unique. By ([2|), T) is uniquely deter- 
mined by its values on morphisms f : Y ^ X with X = Spec k and k a field. If 
f : X ^ Spec k a seperated morphism of finite type, we can find a finitely generated 
sub-Z-algebra C of fc and a separated morphism of finite type h : Z Spec C such 
that X is fc-isomorphic to Z Xck, by [23', 8.8.2]. Then 

P{f;T) ^ P{h;T)irj) 

with rj the generic point of Spec C, by The function P{h; T) is a constructible 
function, by ([T]), so it is uniquely determined by its values on the closed points of 
Spec C, which have finite residue field. Hence, P{h] T) is uniquely determined, by 
© and ©. 

It only remains to show that P{-,T) satisfies the scissor relations in KQ{Varx), 
if X is a Noetherian scheme. Since the property of being a closed (resp. open) 
immersion is stable under base change, we can reduce to the case where X is a point; 
this case is clear from Lemma [8T2] and the definition of the Poincare polynomial. □ 



References 

[1] Groupes de monodromie en geometrie algebrique. I. Springer- Verlag, Berlin, 1972. Seminaire 
de Geometrie Algebrique du Bois-Marie 1967-1969 (SGA 7 I), Dirige par A. Grothendieck. 
Avec la collaboration de M. Raynaud et D. S. Rim, Lecture Notes in Mathematics, Vol. 288. 

[2] A. Abbes. Reduction semi-stable de courbes d'apres Artin, Dcligne, Grothendieck, Mumford, 
Saito, Winters... 

[3] Dan Abramovich, Kalle Karu, Kenji Matsuki, and Jaroslaw Wlodarczyk. Torification and 
factorization of birational maps. J. Am. Math. Soc, 15(3):531— 572, 2002. 

[4] A. Beauville. Varietes de Prym et jacobiennes intermediaires. Ann. Sci. Ec. Norm. Super., 
10:309-391, 1977. 

[5] L. Begueri. Dualite sur un corps local a corps residuel algebriquement clos. Mem. Soc. Math. 

Fr., Nouv. Ser. 4, 121, 1980. 
[6] V. G. Berkovich. Etale cohomology for non-Archimedean analytic spaces. Puhl. Math., Inst. 

Hautes Etud. Sci., 78:5-171, 1993. 
[7] V. G. Berkovich. Vanishing cycles for formal schemes II. Invent. Math., 125(2):367— 390, 1996. 
[8] A. Bertapelle. Local flat duality of abelian varieties. Manuscr. Math., 111(2):141-161, 2003. 
[9] P. Berthelot. Cohomologie rigide et cohomologie rigide a supports propres. Prepublication, 

Inst. Math, de Rennes, 1996. 
[10] F. Bittner. The universal Euler characteristic for varieties of characteristic zero. Compos. 

Math., 140(4):1011-1032, 2004. 



A TRACE FORMULA FOR VARIETIES 



39 



[11] S. Bosch, U. Giintzcr, and R. Remmert. N on- Archimedean analysis. A systematic approach 
to rigid analytic geometry., volume 261 of Grundlehren der Mathematischen Wissenschaften. 
Springer Vcrlag, 1984. 

[12] S. Bosch and W. Liitkebohmert. Formal and rigid geometry. I. Rigid spaces. Math. Ann., 
295(2):291-317, 1993. 

[13] S. Bosch, W. Liitkebohmert, and M. Raynaud. Neron models, volume 21. Ergebnisse der 

Mathematik und ihrer Grenzgebiete, 1990. 
[14] S. Bosch and K. Schloter. Neron models in the setting of formal and rigid geometry. Math. 

Ann., 301(2):339-362, 1995. 
[15] P. Colmez and J. -P. Serre. Correspondence Grothendieck-Serre, volume 2 of Documents 

Mathematiques. Paris: Socictc Mathcmatiquc dc France, 2001. 
[16] B. Conrad. Irreducible components of rigid spaces. Ann. Inst. Fourier, 49(2):473-541, 1999. 
[17] P. Deligne. Thcorie de Hodge. III. Publ. Math., Inst. Hautes Etud. Sci., 44:5-77, 1974. 
[18] P. Deligne. La conjecture de Weil. II. Publ. Math., Inst. Hautes Etud. Set, 52:137-252, 1980. 
[19] H. Gillet and C. Soule. Descent, motives and X-theory. J. Reine Angew. Math., 478:127-176, 

1996. 

[20] Lothar Gottsche. On the motive of the Hilbert scheme of points on a surface. Math. Res. 

Lett., 8(5-6):613-627, 2001. 
[21] Silvio Greco. Two theorems on excellent rings. Nagoya Math. J., 60:139—149, 1976. 
[22] M. Greenberg. Rational points in Henselian discrete valuation rings. Publ. Math. Inst. Hautes 

Etud. Sci., 31:59-64, 1966. 
[23] A. Grothendieck and J. Dieudonne. Elements de Geometrie Algebrique, iv, troisieme partie. 

Publ. Math., Inst. Hautes Etud. Sci., 28:5-255, 1966. 
[24] A. Grothendieck and J. Dieudonne. Elements de Geometrie Algebrique, iv, quatrieme partie. 

Publ. Math., Inst. Hautes Etud. Sci., 32:5-361, 1967. 
[25] F. Guillen and V. Navarro- Aznar. Uii critcre d'extension d'un fonctcur dcfini sur les schemas 

lisses. Publ. Math., Inst. Hautes Etud. Sci., (95):1-91, 2002. 
[26] U. Jannsen. Motivic sheaves and filtrations on Chow groups. In U. et al. Jannsen, editor. 

Motives, volume 55 of Proc. Symp. Pure Math., pages 245-302. Providence, RI: AMS, 1994. 
[27] Nicholas M. Katz. Review of ^-adic cohomology., 1994. 

[28] Janos KoUar. Conies in the Grothendieck ring. Adv. Math., 198(l):27-35, 2005. 
[29] M. Larsen and V. A. Lunts. Motivic measures and stable birational geometry. Mosc. Math. 
J., 3(l):85-95, 2003. 

[30] Q. Liu, D. Lorenzini, and M. Raynaud. Neron models. Lie algebras, and reduction of curves 

of genus one. Invent. Math., 157(3) :455-518, 2004. 
[31] Q. Liu and J. Sebag. The Grothendieck ring of varieties and piecewise isomorphisms, preprint, 

2008. 

[32] F. Loeser and J. Sebag. Motivic integration on smooth rigid varieties and invariants of de- 
generations. Duke Math. J., 119:315-344, 2003. 

[33] J. S. Milne. Etale Cohomology, volume 33 of Princeton Mathematical Series. Princeton Uni- 
versity Press, 1980. 

[34] N. Naumann. Algebraic independence in the Grothendieck ring of varieties. Trans. Am. Math. 

Soc, 359(4):1653-1683, 2007. 
[35] J. Nicaise. A trace formula for rigid varieties, and motivic well generating series for formal 

schemes, preprint, 2007. 
[36] J. Nicaise and J. Sebag. Motivic Serre invariants and Weil restriction, preprint, 2006. 
[37] J. Nicaise and J. Sebag. The motivic Serre invariant, ramification, and the analytic Milnor 

fiber. Invent. Math., 168(1):133-173, 2007. 
[38] B. Poonen. The Grothendieck ring of varieties is not a domain. Math. Res. Letters, 9(4):493- 

498, 2002, arxiv:math.AG/0204306. 
[39] M. Rapoport and Th. Zink. Uber die lokale Zetafunktion von Shimuravarietaeten. Mon- 

odromiefiltration und verschwindende Zyklen in ungleicher Charakteristik. Invent. Math., 

68:21-101, 1982. 

[40] K. Rokaeus. The computation of the classes of some tori in the Grothendieck ring of varieties. 

2007, arXiv:0708.4396. 

[41] Takeshi Saito. Vanishing cycles and geometry of curves over a discrete valuation ring. Am. 
J. Math., 109:1043-1085, 1987. 



40 



JOHANNES NICAISE 



[42] A. J. SchoU. Classical motives. In Motives, Seattle, 1991, volume 55 of Proc. Symp. Pure 

Math., pages 163-187. Amer. Math. Sec, 1994. 
[43] J. Sebag. Integration motivique sur Ics sclicmas formcls. Bull. Soc. Math. France, 132(1):1— 54, 

2004. 

[44] J.-P. Serre. Zeta and L functions. In Arithmetic Algebraic Geometry, Harper's Series in Mod- 
ern Math., pages 82-92, 1965. 

[45] I.R. Shafarevich. Principal homogeneous spaces defined over a function field. Transl, Ser. 2, 
Am. Math. Soc, 37:85-114, 1964. 

[46] J. H. Silverman. Advanced topics in the arithmetic of elliptic curves., volume 151 of Graduate 
Texts in Mathematics. New York, NY: Springer- Verlag., 1994. 

Universite Lille 1, Laboratoire Painleve, CNRS - UMR 8524, Cite Scientifique, 59655 

ViLLENEUVE D'AsCQ CeDEX, FRANCE 

E-mail address: Johannes. nicaiseSmath.univ-lillel.fr 



